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YV cmammi npeocmasneno ysacanbHeHuui nioxi0 00 GU3HAYEHHS
Koeghiyieumie cynepno3uyii 05 3A0AHUX NIAHIE O0BOBUMIDHUX MOYKOBUX
MHOMCUH. 3aNnponoHo8aHull nioxio 3a06e3neuye MONCIUBICMb PO38 A3aHHS 3a0ay
CcyyinoHoi  Ouckpemmuoi  iHmepnonayii.  ma  excmpanoaayii - YUCi08uUMu
ROCNI00BHOCMAMU OISl OOBLILHUX OBOBUMIPHUX MOUKOBUX MHONCUH 3A MPbOMA
nonepeoHbo GUIHAYEHUMU 8Y3108UMU MOUYKAMU.

Hocnioxcennss  cnpsamoeane Ha  NOOANLUWIUL — PO3GUMOK  Memooie
MOOeN0BAHHS  OUCKPEMHUX — 2eOMEempUudHuUx o0pasie 13  3acmocCy8aAHHAM
KAACUYHO20 MemoQy KIHYeBUX DI3HUYb, CIMAMuUK0-2eoOMempuyHo20 nioxooy ma
2eoMempuyHO20 anapamy Cynepno3uyiu.

OcHO08010 3anPONOHOBAHO020 OOCNIONHCEHHS CMAU NONEPeOHl pe3yibmamu
aemopis, NpUCesYeHi BUSABIEHHIO 3AKOHOMIPHOCMEU 3MIHU Koeqiyienmie
cynepnosuyii mpbox 8y37108Ux Mo4OK NOJITHOMIANIbHUX PYHKYILL Y MeHcax 0Opanux
DO3DAXYHKOBUX CXEM.

Y pobomi oocniooceno npouyec ¢hopmysarHs OUCKPEMHUX KAPKACIB
0B8OBUMIDHUX 2e0MempPUYHUX 00pa3ié 3a GI00MOI0 BEIUUUHOIO DEKYPEHMHOI
3anexcHocmi, i3 3a0aHUM PIBHOMIPHUM KPOKOM V NIAHI.

V' pesynomami oodepoicani pexypenmui popmynu 6USHAYEHHs BeNUUUH
Koegiyienmie cynepnosuyii mpbox 6y3108UxX MOYOK 3A0AH020 NIAHY KapKaca
OUCKpemHO20 2eomempuyHo2o obpa3zy. Ilpu ymosi ¢hikcosanux 3nauens
NOKA3HUKIB CYnepno3uyii Moicyms 6ymu cghopmosani pizHi OUCKpemHi KapKracu
HAa 0CHOBI 0Y0b-KO0I PO3PAXYHKOBOI CXEMU.

Ompumani  pesyromamu  Ooaroms  3Mo02y  30lUCHIO8amMU  NOOYO08Y
OUCKDEMHUX 2e0MempUyHUX o0pazié Ha OCHO8I KOOPOUHAM MPbOX 3A0AHUX
8Y3/108UX MOYOK ) MeNCAX 00PAHOI pO3PAXYHKOBOI cxeMu.

lIposedene docnidxncenus popmye yzacanvHenull nioxio 00 6CMAHOBIEHHS
3AKOHOMIPHOCMeEl 3MIHU Koe@iyicHmie Ccynepno3uyii, wo Mmoxcymes Oymu
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BUKOpUCMAH] ONs1 00YUUCTIeHHsl anikam O08LIbHOI KINIbKOCMI MOY0K ni0 Hac
MOOeN08aH s 00BLILHUX 0BOBUMIPHUX MOUKOBUX MHONCUH.

Knrouosi cnosa: ouckpemmue mooento8amHs, CmMamuko-2e0MempuyHulL
Memoo, 2eoOMempuyHUll anapam Cynepno3uyil, 6eiudyuHa peKypeHmHoi
3anedicHocmi, Koeghiyienmu cynepno3uyii.

Ilocmanoeéka npobnemu. 3acTOCyBaHHS T'€OMETPUYHOTO amapary
CYNEpHO3MLIM Yy 3ajadax IHTEPHOJSILII CYTTEBO PO3IIMPIOE MOXKIUBOCTI
JUCKPETHOTO MOJICIIOBAHHS T€OMETPUYHUX 00pa3iB.

BusHaueHHsT 3aKOHOMIpHOCTEH 3MIHM KOE(IIIEHTIB CyNepro3uiii Ta
BEJIMYMHU PEKYPEHTHOI 3aJIeKHOCTI, IO B MEXaX CTATUKO-TEOMETPUYHOIO
METOJIly BUKOHYE pOJIb (YHKI[IOHAJBHOTO aHaJIoTa HAaBaHTAXKEHHS IIiJ] Yac
MOJICJIFOBAHHSI JIBOBHUMIPHUX TOYKOBUX MHOXHWH, CTBOPIOE MIAIPYHTS IS
e(EeKTUBHOTO PO3B’SI3aHHS 3aJad CYLUIbHOI JUCKPETHOI 1HTEpHojsuli Ta
EKCTPAIoJIsLii YMCIOBUMH MocioBHOCTAMU. Lle, cBoero ueproro, 3ade3neuye
MO>KJIUBICTh MOJIETIIOBAHHS JIOBUIBHMX JBOBHUMIPHUX T'€OMETPUYHHX OOpa3iB,
3aJlaHUX Yepe3 Tpu oOpaHi By3JIOBI TOUKH.

Ananiz  ocmaunnix  O0ocnidycenv lluTaHHAM  3aCTOCYBaHHS — JUIA
JUCKpEeTHOro MojemoBaHHs ['O reomeTpuyHOro amapaTry Cyneprno3uiiii B
NO€HAHHI 3 KJIACUYHUM METOJOM KIHIIEBUX PI3HMIIb, CTATUKO-T€OMETPUUYHUM
METOJIOM, MaTEeMaTHYHUM arnapaToM YHCIOBUX MOCIIJOBHOCTEN MNPUCBSYEHI
poboTu aBTOpIB JaHOi cTarTi [1 — 5].

dopmyawBaHHA wijeil crarTi. Meroro maHOI CTAaTTi € METOJuKa
BU3HAYCHHS KOE(DIIIEHTIB CYMepIio3uillii Ha 3aJaHuX IUJIaHaX JBOBUMIPHUX
TOYKOBUX MHOXHUH [JIsl JUCKPETHOro (OpMYBaHHS JBOBUMIPHHUX KapKaciB
CYNEpIO3HULIISIMU 32 PEKYPEHTHUMH YMOBAMH.

Ocnoséna uacmuna. Taepaxennsi. Koopaunat OyIp-SKOi TOYKHU
JOBUIBHOI TBOBUMIPHOT TOYKOBOI MHOKMHU MOKYTh OyTH BU3HA4Y€HI ILISIXOM
CYNEepIo3ullli KOOPAUHAT TPbOX BUOpPAHHUX TOYOK L€ MHOXKMHU 32 YMOBU
B1JIOMOT'O 3HaYEHHSI PEKYPEHTHOI 3aJIEKHOCTI.

JloBeneMo naHe TBEpIKEHHS.

3anuiuemMo CUCTeMY PiBHSHb!

Z§=1 ks =1

ki(i +p1) + ko(i +p2) + ks(i+ps3) = (i +p)

ki +my) + k(G +my) + k(G +m3) = (G +m)

klzi+p1,j+m1 + kZZi+p2,j+m2 + k3Zi+p3,j+m3 + Pi+p,j+m = Zitp,j+m
JIc HEBITOMUMHU BenuunHamu OyayTh Ki, Kz, Ks, Ziyp,j+m -

Jlana cuctemMa MICTUTh YOTHUPHU PIBHSHHSA 1 YOTUPHU HEBIOMI BEJIMYMHH,
TOMY NTOBUHHA MaTH PO3B’A30K.

VY pe3ynbrari po3s’sa3aHHs cucteMu (1) onepKMMO HAaCcTyIHI BUpa3u JUIs
BU3HAYECHHS BEJIMYMH KOE(DILIEHTIB CyNeprno3uuii 3aJaHuX BY3JOBUX TOYOK

)IHCerTHOFO KapKaca Ta KOOp)II/IHaTI/I Z IHYKaHO'l. TOYKMU:
k. = 41 Myp3—mMp3—MzpPy+mpy+msp—m;p
1 A MyP3—M1P3—M3P2+M1Dy+M3P1—MyDy

(1)




k2 _ 42 _  —Mmyp3tmpz+tmsp;—mp;—mzp+myp (2)

A MyP3—M1P3—M3P2+M1Pr+M3P1—MPy
k. = 43 _  MyPr—Mpy;—Mypy+mp+myp—m,p
3

4 Myp3—myp3—M3zpP+Mypy+mzp;—mypy |

Ziypj+m = A4/4 =
(m1p22i+p3,j+m3 — MP2Zitps,j+ms; — M2P1Zi+p,,j+mg +
+mplzi+p3,j+m3 + MyPZisp,,j+mgs — M1DPZitp,,j+m; — M1P3Zi4p,,j+m, +
+mp32i+p2,j+m2 + MaP3Zitp,,j+m; — MP3Zi+p, j+m, + m2p3Pi+p,j+m -
_m1p3pi+p,j+m + M3P1Zitp,,j+m, — MP1Zi+p,,j+m, — M3PZi+p,, j+m, +
+m1pzi+p2,j+m2 —M3P2Zitp,,j+my + MmpaZitp,,j+m, — m3p2Pi+p,j+m +
+m1p2Pi+p,j+m + M3PZiyp, j+m; — M2PZitp, j+m, + m3p1Pi+p,j+m -
_m2p1Pi+p,j+m)/
/Mzp3 —Myp3 — M3p, + Myp, + Mzp; — Myp; 3

SIkmo neBinomumu BenuuuHamu 6ynyTh Ki, Kz, K3, Piyp jym , TO BUpasu

JUIS BU3HAYCHHS BEJIMYMH KOC(IIMIEHTIB CyNEePHO3UIIii 3aJaHUX BY3JIOBUX TOUYOK
JTMCKPETHOTO KapKaca Ta BETUYMHU PEKYPEHTHOI 3aJIe)KHOCTI P;ip,j+m MAaTUMYTh
BUTJIST:

k. = 4; _  (mp—m)ps+(m—ms3)pz+(m3z—my)p
1 = - )
A (my—my)p3+(my—ms3)p+(mz—my)p,
k., = 42 — (m;—m)ps+(m-mz)p;+(mz—m)p | (4)
2 A (my—my)p3+(my—m3)p+(mz—my)p; '
k. = 43 (my—m)py+(m—my)ps+(my—my)p
3 — - ’
A (my—my)ps+(my—ms3)py+(ms—my)p,

Piipjim = 44/4 =

(((m1 —m)p, + (m —my)p; + (M, — ml)p)zi+p3,j+m3 +

+ ((m - ml)zi+p2,j+m2 + (mz - m)zi+p1,j+m1 + (ml - m2)2i+p,j+m) p3 +
+((m3 —m)p; + (m; — m3)p)zi+p2,j+m2 + ((m —M3)Zitp, j4m, T

+(m3 - ml)Zi+'p,j+m)) p2 + (m3 - mz)pzi+p1,j+m1 +

+(m2 - m3)Zi+'p,j+mp1)/

/((mz —my)ps + (my —m3)p, + (M3 — mz)P1) : (5)

Takum ynHOM, cucTema piBHSIHB (1) Ma€e po3B’SI30K, 110 TOBOJAUTH BIPHICTH
TBepmKEeHHS .

Takox, 3riHO JOBEIECHOTO TBEP/UKCHHS pPEKypeHTHa ¢opMyra s
BU3HAUEHHS KOOpAMHAT Oyab-SKOi IBOBUMIPHOI MHOXMHHU TOYOK MOXKe OyTH
MIPE/ICTABIICHA Y BUTJISII:

Zij =kizi_qj v kyZipq; + k254 — P (6)

Busnaunmo Bupasu 115t 009MCIICHHS BETHYNUH KOS(IIIEHTIB CYTIEPIIO3HUIIIi.

Zij =kizi_qj+tkyzipgj+tkezij_1—Pj=
= ky(Zim1j +2ijo1) + (A —k)Zpj — Pyj =
=kqzi_1,j t keZijq1 + Zig1j — K1Zig1,j — Pij =

= ky(Zi-1j + Zijo1 — Ziva ) + Zivnj — Pij -



3BiCH:
Zij—Zi+1,j+Pij
oy = R (7)
Zi—1,j%¥Zij—1Zi41,j

BignoBigHo:

Zj—1,j%Zij—1—Zij—Pi;
kz =1- k1 = J / J / .
Zi—1,j%¥Zij—1"Zit1,j
Jlns TOBUIBHMX BY3JIOBHX TOYOK, peKypeHTHa ¢opmyia (6) maTume
BUTJISI;

Zit+p,j+m = klzi+p1,j+m + kZZi+p2,j+m + klzi+p,j+m1 — Piipj+m (8)
e p, P1, M, My, — BEJIMYKUHHU 3aIaHUX KPOKIB, BIIMOBIIHO MO HanpsAMax | Ta | .
A dopmyna (7), BIATOBITHO, MATUME HACTYITHUIN BUTJIST

Zitp,j+m—Zi+py,j+mtPitp j+m
k. = b.j b2.] b.Jj ’ k2:1—k1. (9)
Zitpq,j+mTZitp,j4m —Zitpy,j+m

BignosigHo:
Zitpy,j+m*Zitp,j+mg ~Zitp,j+m—Pitp j+m
kz — 1 _ kl — P1.J p.J 1 p.J p.J )

Zitpq,j+mtZitp,j+my ~Zit+py,j+m
Y camoMmy 3aragpbHOMY BHITQJIKy, PEKypeHTHY ¢opmyny (6) MokHA
3aMMCaTH y BUTJISIIL:

Zivpj+m = K1Zivp, jom, t KoZivp, jom, + K1Zivp, jam, — Pij (10)
ne P, P1, P2, P3, M, M1, My, M3 — BETUYUHU 3aJ]aHUX KPOKIB, BIAMOBIIHO II0
HanpsMax i Ta j .

A dopmyna (7), BIAMIOBITHO, MATUME HACTYITHUN BUTJIS
k, = Z.Zi+pjj+m:_ii_+p2'j,+m2t:,i-'-p’j-',-m ey =1—ly . (11)
i+p1,J+mq l+p3,]+m3 1+p2,j+tmp

BignosigHo:

k2 = Zitpy,j+my Y Zitp3z, j+mz ~Zi+py,j+m;
PosrinstHemo  mpukiaa  3acTOCYBaHHS ~ I€OMETPUYHOTO  amaparty
CYNEpIO3ULIN 711 JUCKPETHOTO (hOPMYyBaHHSI TOUKOBUX KapKaciB MOBEPXOHb 32
BIJIMOBITHUMU BUXIJHUMHU YMOBaMHU 13 ypaxyBaHHSIM BEJIMYMHH PEKYPEHTHOI

3aJIE)KHOCTI.
[1naH ciTKu 13 BIANOBIAHOO HYMEpall€lo By3JIiB OKa3aHO Ha PUCYHKY 1.

1 k. = Zitpq,j+mq T Zitps,j+ms —Zi+p,j+m—Pi+p,j+m
—k, = ]
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Pucynok 1. Ilnan gucKkpeTHOro Kapkacy mOBEPXHI.



Jis BU3HAuYEHHS BENUYMH KOEQIIIEHTIB CYNEPIO3ullli Ta BETUYMHU
PEKYPEHTHOT 3aIEKHOCTI Pjyp) ity METOIOM CYIEPIO3HUIIIK, TPpeOa pO3B’a3aTH
cuctemy piBHSIHb (1).

I3 3amanux BuxigHuX ymoB (puc. 1), mpu Bigomid cTpim migiHoMy
00OJIOHKH, HEOOXiTHO MaTH KOOPAMHATH JUIIEC OYAb-SIKUX TPHOX KOHTYPHHUX
BY3JIiB, 200 JIBOX KOHTYPHHUX 1 IIEHTPAJIbLHOIO By3Ja.

Bennunau koeimieHTIiB cyneprnosuilii 3alaHuX TPhOX BY3JIOBUX TOYOK
OynyTh Bu3HaueHI 13 cuctemu piBHAHB (1) 3a dopmynamu (4), a BeTUUIHHA
PEKYPEHTHOI 3al€KHOCTI P;yp) i — 3a popmynamu (5).

ANUTKATH  Zjyp j4m OYIb-SIKOIO By3Jla TOTO K CaMOro KapKacy INpH
BiJOMI/ BENMYMHI PEKYPEHTHOI 3alI€KHOCTI Piyp iym OydyTh BH3HAYeHI i3
cucteMu piBHSIHB (1) 3a hopmynamu (3), a BeTUIMHU KOSDIIIEHTIB CYNEePIO3UIii
3aJIJaHUX TPHOX BY3JIOBHX TOYOK — 3a (hopMyiamiu (4).

Ha pucynkax 2, 3 rpadiyHO TpeACTaBIICHI PE3yJIbTaTU PO3PAXYHKY
aruTikaT HEBIJIOMUX BHYTPIIIHIX BY3JiB Ui PI3HUX 3HA4Y€Hb aIlIikar
[EHTPAIBHOTO BY3JIa.

Pucynoxk. 2. 3HaueHHs arulikar Zjj TOYOK AUCKPETHOTO KapKacy
MOBEPXHi TIpU  Z30=6

PucyHok. 2. 3HaueHHs arulkaT Zj TOYOK AUCKPETHOTO KapKacy
MOBEPXHI MpU  Z30=12



Bucnosku. Y crtatti po3po0iieHO alropuTM BHU3HAYCHHS JUCKPETHUX
3Ha4YeHb KOE(DILI€HTIB CYMEepPHO3UIlil TPhOX 3aJaHUX BY3JIOBUX TOYOK JJIst
dbopMyBaHHS IBOBUMIPHUX JUCKPETHUX T€OMETPUUHUX 00pa3iB.

[Tpu ymOBi pikcoBaHMX 3HAYEHB MOKA3HUKIB CYTEPIO3UIIi1, 1110 BU3HAUCHI
3a (hopmynami (2), ado (4), MoxxyTh OyTH chOpMOBaHI Pi3HI AUCKPETHI KapKacu
Ha OCHOBI1 OyIb-5IKOT pO3PaXyHKOBOI CXEMHU.

3anponoHOBaHU miaxiy 3ade3neuye MOXIUBICTH (QopmyBanHs 'O
BIJIMOBIHO /10 00paHOi PO3PaxXyHKOBOI CXEMH.

TakuM YMHOM 3alpONOHOBAHO CHOCIO JAMCKPETHOTO MOJEIIOBAHHS
neoBuMipHux JI'O 3 ypaxyBaHHSAM 3aJ@aHOr0 IapameTrpa pPEeKypeHTHOI
3aJIe)KHOCTI P Ta oOpaHoi po3paxyHKOBOT MOJIEIII.

Ilepcnekmueu nooanvuwiux 0ociioxycens. Ilomanpin  TOCHTIHKEHHS
MOXYTh OyTHU CHpsSMOBaHI Ha BHU3HAYEHHS 3aKOHOMIPHOCTEW 3MIHU BEJIMYUH
KOe(DILIEHTIB CyNEepPIIO3HILii BiJl 3MIHHM aIUTIKAT TPhOX OMOPHUX BY3JI1B a00 3MIHU
BEJIMUMHU PEKYPEHTHOI 3aJI€KHOCTI.
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DISCRETE FORMATION OF TWO-DIMENSIONAL FRAMEWORKS
USING THREE-POINT SUPERPOSITIONS UNDER RECURRENT
CONDITIONS

Oleg Vorontsov, Irina VVorontsova

This paper presents a generalized approach to determining superposition
coefficients for predefined layouts of two-dimensional point sets. The proposed
approach provides the possibility of solving problems of continuous discrete
interpolation and extrapolation by numerical sequences for arbitrary two-
dimensional point sets using three preassigned nodal points.

The study is aimed at the further development of methods for modeling
discrete geometric forms through the application of the classical finite difference
method, the static-geometric approach, and the geometric apparatus of
superpositions.

The research is based on the authors’ previous results devoted to
identifying patterns in the variation of superposition coefficients of three nodal
points of polynomial functions within selected computational schemes.

The paper investigates the process of forming discrete frameworks of two-
dimensional geometric forms based on a known value of a recurrent relation with
a specified uniform step in plan.

As a result, recurrent formulas were obtained for determining the values of
the superposition coefficients of three nodal points of a given framework layout
of a discrete geometric form. Under the condition of fixed values of the
superposition parameters, different discrete frameworks may be formed on the
basis of any computational scheme.

The obtained results make it possible to construct discrete geometric forms
based on the coordinates of three given nodal points within a selected
computational scheme.

The conducted research establishes a generalized approach to identifying
patterns in the variation of superposition coefficients, which may be used to
calculate the applicates of an arbitrary number of points in the modeling of
arbitrary two-dimensional point sets.

Keywords: discrete modeling, static-geometric method, geometric
apparatus of superpositions, recurrent relation value, superposition coefficients.
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