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Abstract—The report considers solution to the problem of
improving the speed implementation of the operation of
multiplying two square matrices of the same dimension. To
carry out calculations and comparative analysis of the speed
of the multiplication operation, we consider a computer
system (CS) in the positional binary number system (PNS)
and in the non-positional number system in the residual
classes (the residual number system - RNS). A comparative
analysis of the performance of the CS was carried out with
the same characteristics of the computing system : equal
lengths of bit grids, the same command systems, the same
methods of addressing operands and instructions, the same
clock speed of the processor, the equal number of program
commands, etc. When calculating the speed of the matrix
multiplication operation, the fastest data processing method
in RNS was used, based on the tabular principle.

Keywords—algorithm for multiplying matrices,
performance evaluation, positional number system, residual
number system.

I. INTRODUCTION

One of the most important characteristics of a
computing system is its speed and performance [1]-[4].
Computer systems (CS) performance is determined by the
amount of computational work performed per unit of time.
The most important factors affecting the performance of
the CS are primarily factors such as: the clock speed of the
CS processor, the number of program commands (tasks,
algorithms) and the number of clock cycles for executing
one command (average execution time of one command).
In turn, the command consists of a sequence of arithmetic
and other operations. In the general case, it can be said
that quantitatively the performance of the CS depends on
the clock frequency of the processor and on the time of
implementation of the arithmetic and other operations that
make up the command [1], [2], [5].

It is known that the use of residual number system
(RNS) in the CS can significantly increase the speed of
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implementation of integer arithmetic operations [6]-[9]. At
the same time, practical confirmation of the effectiveness
of the use of RNS is required to increase the performance
of the CS in the processing of integer data. Therefore, the
task of calculating and comparative analysis of the
performance of the CS functioning in the RNS and in the

usual binary positional number system for specific
computational algorithms is relevant and practically
important.

As noted above, under the performance of the CS refers
to the performance of the processor of the CS [1], [2]. This
is due to the fact that the number system adopted in this CS
primarily affects the structure and principles of operation
of the processor of a computing system (CoS). A
comparative analysis of the performance of the CS was
carried out with the same characteristics of the CoS: equal
lengths of bit grids, the same command systems, the same
methods of addressing operands and instructions, the same
clock speed of the processor, the equal number of program
commands, etc. To conduct a comparative analysis
(performance evaluation) of the performance of the CS, the
analytical relationship is used, where T.™) — the time it
takes the CS in the PNS to solve one specific problem;
T — the time of solving the same task by the CS in the
RNS. In this case, the quantitative value of the efficiency
coefficient K{) depends only on the time of

implementation of arithmetic and other operations that are
part of the commands of the problem being solved in the
PNS and in the RNS [10]-[12].

II. AN ALGORITHM BASIC OPERATION MATRIX
MULTIPLICATION OPERATION

Consider the problem of multiplying two square
matrices A and B of equal size N xN. The nodes of the
matrix contain integers. Matrices A and B are
represented respectively in the form [13]-[16]:
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a, 4, N
A= a21 a‘22 aZN
aNl aNZ aNN
and
b11 blz blN
g=|’ P

le sz bNN
The result C of the multiplication of two matrices A
and B will be represented as [17]-[20]:

Cyi Cp - Cy

C C coe C
c=2 = =

Cni Gz 0 Cwy

It is known that the basic operation (BO) in calculating
the product of two matrices is an operation of the form:

G =ZN (aik'bkj)zail'blj +ai2'b2j +ai3'b3j+

ij

+..t+ay by (i, j=1N),

where Cij — corresponding element lying at the intersection

of the 1 —row and ] — column of the matrix C. As can be

seen from the BO algorithm, the number of multiplications
and additions is equal to N and N —1 respectively. The
total number of BOs in the algorithm for multiplying two
matrices, i.e. when determining the value C = AxB, itis

equal to the number N? of matrix C with size (N X N)
elements c; (i, j=1N )

In this case, the time of multiplication of two matrices
in the PNS is represented by the expression:

T = N2 '[N e, + (N _1)'tadd.]’ 1

It is known that the time of addition tog and the time

of multiplication t_ . of the p-bit numbers in the PNS is
determined respectively by the formulas:

tmult. = 2'T'p2 and tadd, :T‘(Zp_l)’

The time of multiplication in the RNS of two matrices
is represented by the expression:

T = N2.[N-2+(N —1)'2]'%’

where T, and r, are the times of the operation,
respectively, of the multiplication and addition of the p -bit
numbers in the RNS.

Given the choice of the tabular method for
implementing the arithmetic operation, the previous (2)
expression will be presented in the form:

T =N2 N7 +(N-1)-7 ],
where T =% =T =Top =Tor =%'

Based on the notation introduced,
expression T ™ is represented as:

the previous

TAEIRNS)=N2.[N.2+(N—l).2].% 3)

Expressions (1) and (3) are working formulas for
determining the time of multiplication of two matrices.
Based on these formulas, we will carry out a calculation

and a comparative analysis of the efficiency
(PNS)
KY :TAZRNS) in terms of the implementation time
T

(productivity) of the operation of multiplying two matrices
for PNS and RNS for various values of the | -byte grid of
the CS:

N2z p?+(N-1) 7 (2p-0)
(4~N—2)-%

KO

eff .

2:[N-2:p*+(N-1)-(2p-1)] -z )

(4-N-2)r

2[N-2:p* +(N-1)-(2p-1) | .
- 4.-N-2 ' @
In accordance with formula (4), we carry out a
calculation and comparative analysis of the efficiency
T(PNS)

K(;f) — M
el RNS
T
of the task for variants of matrices of finite size N xN

with N=2, 4, 8, 10 and 100.

Option 1. Let I =1 (p =8). In this case, formula (4)
will have the form:

of using RNS in terms of the performance

2[N-2:8 +(N-1)-(2-8-1)|

@ _ _

where Ket. = N2 =
Tr=Tup =Tor = g 2 @)
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_ 2:[128-N +15-(N-1)]
B 4.-N-2 '

Let, for example, N =2. In this case, the efficiency
coefficient is:

2-[128-2+15-1] 542
- 42-2 6

Similarly, we will carry out the calculations for the
values N =4,8,10,100.

o _
eff. =

90

Option 2. Let I =2 (p =16). In this case, formula (4)
will have the form:

2
o _ 2[N-2:16"+(N-1)-(2-16-1) |
o 4-N-2
_ 2[512-N +31-(N -1)]
4.-N-2

Let N =2. Inthis case, the efficiency coefficient is:

2-[512-2+31-1] 2110
4.2-2 6

Similarly, we will carry out the calculations for the
values N =4,8,10,100.

K@ = ~ 352

Option 3. Let 1 =3 (p = 24)_ In this case, formula (4)
will have the form:

Option 5. Let | =8 (p = 64), In this case, formula (4)
will have the form:

N-2:64% + (N -1)-(2-64-1) |
4.-N-2

2-[
K3 = -
_ 2.[8192-N +127-(N - 1)]
4-N-2
Let N =2.

@  2-[8192.2+127-1] 33022
o 4.2-2 -6

Similarly, we will carry out the calculations for the
values N =4,8,10,100.

~ 5504.

I11. AN ACCELERATED METHOD FOR IMPLEMENTING THE
PROCEDURE OF MULTIPLYING TWO MATRICES
The results of the calculation and comparative analysis
of the effectiveness K{ of the use of RNS are given in

Tables I, Il. Consider a faster (accelerated) method for
implementing the multiplication procedure in the PNS of
two matrices (Fig. 1). This method of acceleration allows
you to combine in time the implementation of the

multiplication of the form {aik X blk}, for k =const (see
the composition of BO). Where in i, j,k = 1_N

) TABLE I. ESTIMATED DATA AND COMPARATIVE ANALYSIS OF THE
KO 2 ‘[N :2:24°+(N-1)-(2- 24—1)] EFFECTIVENESS OF USING RNS (NORMAL PROCEDURE)
eff. = =
4.N-2
2:[1152-N +47-(N -1)] A
- 4.N -2 N Normal procedure
. . . .. . T(PNS) T(RNS) K(I)
Let N =2. In this case, the efficiency coefficient is: u M eff-
2 1084 12 90
4 8912 112 80
@ _ 2°[1152-2+47-1] 4702 284 1 8 72256 960 75
eff. 4.2_2 T 6 10 1415-10° 19-10° 74
- . . 100 14285-10" 199-10* 72
Similarly, we will carry out the calculations for the
values N = 4,8,10,100. 2 2 iz 32
. . 8 276032 960 287
_ _ =2
- Option 4. Let | =4 (p =32). Inthis case, formula (4) 0 5200 107 19.10° -84
will have the form: 100 54269 10" 199.10° 273
2 9404 12 784
2-[N-2‘322 +(N _1).(2.32_1)} 4 75984 112 678
Kéf? _ - 3 8 610880 960 636
' 4.-N-2 10 11943-102 19-102 629
2-[2048-N +63-(N -1)] 100 119853-10° | 199-10° 602
= : 2 16636 12 1386
4.N-2
4 134096 112 1197
Let N =2. Inthis case, the efficiency coefficient is: 8 10768102 960 1122
I=4 10 21047-10° | 19-10° 1108
K& = 2.[2048‘ a 63.1] = 8318 ~1386. 100 211037:10° | 199 108 1060
4-2-2 6 2 66044 12 5504
Similarly, we will carry out the calculations for the | 1=8 4 530384 112 4736
values N =4,8,10,100. 8 4251210 | 960 4428
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10

8306310 19-10° 4372

100

831773-10° | 199-10° 4180

TABLE II.

ESTIMATED DATA AND COMPARATIVE ANALYSIS OF THE
EFFECTIVENESS OF USING RNS (ACCELERATED PROCEDURE)

A

In this case, the implementation time T.™ of the

operation of accelerated multiplication of two matrices A
and B in RNS is:

(PNS) __ _(PNS) (PNS)
Ty =Tt ¥ N Toga. . =

Second stage

N Accelerated procedure
2
T’S’PNS) T’éIRNS) Kgr) = 2-,0 -T+(]|ng N[)(Zp—l)z’ =
2 147 3 47
4 158 7 22,6 _ 2
: =-{2: p* +(Jlog, N[)-(2p-1)}
=1 8 173 15 115 { P ] 92 [ ( P ) ©)
10 188 19 9,8 0
100 233 199 12 For accelerated multiplication, the efficiency Kg is
2 543 3 181 determined by th L
7 =7 7 ) etermined by the expression:
=2 8 605 15 40,3
10 636 19 335 2
100 729 199 36 KO _ T'{Z'p +(]'°92 N[)'(z'P—l)} or
2 1199 3 399,6 off. = T
4 1246 7 178 (4. N _2).E
1=3 8 1293 15 86,2
10 1340 19 70,5
100 1481 199 74 2.{2. 2 . (Mioa. NI)-(2- _1}
4 2174 7 310,6 e 4-N-2
=4 8 2237 15 149,1 . .
10 2300 19 121 In a_ccordance with formula ((_3), we V\{lll carry out a
100 2489 199 12,5 calculation and comparative analysis of the implementation
2 8319 3 2773 .- 0 . . .
2 B4t - 1207 eff|C|.ency K. of the 09n5|dered alg?rlthm mltr.]e PNS
1=8 8 8573 15 572 and in the RNS for variants of matrices of finite size
10 8700 19 458 N x N at N =4,8,10 and 100.
100 9081 199 46
Multiplicating a,-b, a,-by, a, by, Ay by y, ay by,
<! ) Gy Cr Cx
Adding
First stage
f.‘]' c; C,'WZ
» / \7
1

{Jlog,N[)-th adding stage

ny
Cxia

Fig. 1. Scheme of implementation of the algorithm for the accelerated multiplication of two matrices in RNS
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IV. CONCLUSION

The results of the studies showed that a significant
impact on the performance of the CS is affected by the
methods of implementing operations that are part of the
program commands. At the same time, the methods of
implementation of operations to a greater extent depend on
the number system (NS) which is used in the CS. So,
RNS, unlike PNS, defines three principles for the
implementation of arithmetic operations: the adder
principle, the principle of ring shift and the tabular
principle. In turn, these principles underlie many methods
for implementing arithmetic operations of RNS. When
calculating the performance, the fastest data processing
method in the RNS was used, based on the tabular
principle. An analysis of the results of calculations and a
comparative analysis of the performance of the CS
operating in the RNS and in the binary PNS showed that
from the point of view of increasing the CoS performance
it is preferable to use the CS in the RNS [21]-[24].

The results of the analysis of the calculations showed
that with an increase in the length of the CS discharge grid,
which is characteristic of the current trend in the
development of computer systems and tools for processing
large amounts of information in real time, the efficiency of
using a non-positional number system in RNS to increase
data processing speed increases [25]-[27].
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