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This paper deals with the study of reliability of quasi-homogeneous bolted joints of the body of thin-walled constructions of 

the steel silos. Heterogeneity of this unit can be caused by number of reasons, in particular by presence of bolts of different 

strength in joint. In such case the reliability of the system is determined trough the probability of trouble-free work of the 

coefficient of the critical factor. The general conception of stochastic calculation consists in using the Monte-Karlo simulation 

procedure for the samples of random values of the large volume. It was formed the system of conditions, under which the 

reliability of joints is provided and analytical expressions for the value of coefficient of the critical factor is got, and also made 

practical calculation example with the following graphic presentation on a special coordinate plane – a critical stochastic scale. 

It was illustrated that random presence of bolts of less strength in field joint rapidly increases the risk of refusal. 
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Стаття присвячена актуальній проблематиці дослідження надійності квазіоднорідних болтових з’єднань корпусу 

циліндричних сталевих силосів. У багатьох випадках проектна надійність таких стиків відрізняється від фактичних 

показників їх безвідмовної роботи. Джерелом цього є ряд об’єктивних причин, до числа яких можна віднести недо-

ліки монтажних операцій, зокрема присутність болтів різного класу міцності, відсутність декількох болтів з’єд-

нання, розкручування кріплення болта в процесі експлуатації споруди чи недокрут на монтажі й інші чинники та-

кого типу. У цьому випадку надійність системи визначалася через імовірність безвідмовної роботи з використанням 

коефіцієнта критичного фактора. Відмова болтового з’єднання однозначно визначалася як перевищення випадко-

вим напруженням випадкового рівня границі текучості сталі. Загальна концепція ймовірнісного розрахунку поля-

гала у використанні імітаційної процедури Монте-Карло для вибірок випадкових величин великого об’єму. Увага 

концентрувалася на розрахунковій ситуації, коли болти з’єднання складаються з трьох незалежних вибірок. Була 

сформульована система умов, при якій забезпечується надійність з’єднання й отримані аналітичні вирази для вели-

чини коефіцієнта критичного фактора. Наведено практичний приклад розрахунку з наступним графічним предста-

вленням на спеціальній координатній площині – критичній імовірнісній шкалі. Проілюстровано, що випадкова на-

явність болтів менших класів міцності в монтажному стику стрімко збільшує ризик відмови. Установлено, що по-

казники ймовірності безвідмовної роботи однорідних та квазіоднорідних болтових з’єднань значно різняться лише 

при великих значеннях коефіцієнтів варіації значень зусилля. Показано, що навіть за відсутності мінливості значень 

міцності болтів випадкова величина критичного фактора буде зростати при постійному значенні показника надій-

ності.  

 

Ключові слова: циліндричний силос, надійність, імовірнісний розрахунок, імовірність безвідмовної роботи, квазі-

однорідне болтове з’єднання, коефіцієнт критичного фактора. 
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Introduction 
The problem of reliability assessment is one f the 

most important scientific problems that arise in the area 

of the building construction’s calculation. It is con-

nected not only with obtaining on its results more justi-

fied results from the economic point of view, but also 

with general entity of the term reliability. Depending 

from the chosen index, the reliability serves as a quali-

tative and quantitative indicator of the whole complex 

of constuction’s properties. Considering the problem of 

stochastic calculation of bolted joint of the elements of 

steel silos, we need to pay attention to the problem con-

nected first of all with features of this class of construc-

tion – usage of thin-walled core and sheet corrugated 

elements, high level of load, etc. 

Also, due to the large number of accidents caused by 

numerous mounting errors, the second most important 

consideration when determining the level of reliability 

connection is taking into account the most common 

construction defaults that arise in the construction pro-

cess. 

 
Review of the research sources and publications 
The assessment of the stress-strain state and the prob-

lem of determining the strength of bolted joints of metal 

structures, including thin-walled elements, remain ur-

gent, which often can be found in the scientific publi-

cations 1 – 4. We will note that among them there are 

important applied problems of analytical and numerical 

calculation of the bolted joints of the composite thin-

walled constructions with considering features of fric-

tion, corrugation, presence of sealing gaskets, etc. 5, 

6, and also numerical and experimental studies 7, 8. 
Traditionally, the area of stochastic calculation remains 

less studied, which is certainly caused by the complex-

ity of mathematical transformations and the large 

amount of theoretical knowledge in the field of proba-

bility theory and mathematical statistics 9 – 10. The 

modern studies of the outlined issues have repeatedly 

been raised in the works of Pichugin S.F. and students 

of his Reliability Science School 11 – 14. 
 
Definition of unsolved aspects of the problem 
In the practice of designing units of thin-walled con-

structions of steel silos, the bolted joints of elements 

became widespread. In many cases, the design reliabil-

ity of such joints differs from the actual indicators of 

their trouble-free work. The source of this is a number 

of objective reasons, which include the disadvantages 

of installation operations – wrong tightening of bolts or 

the use of fastening elements of the non-design class of 

strength. In this case, the classic strength analysis of the 

bolted joint, as in the analytical form, so in the applica-

tion of finite element apparatus, requires not only the 

change of the initial data of the solved problem, but also 

the correction of a number of influential factors. These 

features are beyond the guidance of regulatory docu-

ments, and, accordingly, are overlooked in the process 

of engineering calculations. As well as the stock values, 

the reliability levels of bolted connections made with 

mounting defects remain unknown. Their assessment is 

an important task that requires thorough consideration 

and detailed scientific analysis. 

 
Problem statement 
The main purpose of this study is the stochastic anal-

ysis of the heterogeneous bolted joint of thin-walled el-

ements of the steel silo body. The heterogeneity of such 

a unit can be caused by a number of reasons, including 

the presence of bolts of different strength class, the ab-

sence of several connection bolts, untwisting of the bolt 

attachment during the exploitation period of the con-

struction or short of rotation during mounting and other 

factors of a similar nature. 

 
Basic material and results 
The main structural elements of the body of the steel 

silos are the thin-walled elements of the corrugated 

sheets and the vertical stiffeners, which are intercon-

nected by bolts made with gap and pre-tightening. The 

fasteners, which are used in the connection (fig. 1), con-

sist of bolts and nuts, which are zinc-coated, and of 

sealing washers. Mostly, the structural units are de-

signed for bolts of strength of classes 5.8 for the roof 

and 8.8 and 10.9 for the body of the capacity. 

 

 
 

Figure 1 − Fasteners (a) and arrangement  
of bolted joint of the corrugated sheets  

of the silo body (b) 
 

For the basic indicator of the quantitative measure of 

reliability when calculating the bolted connections, we 

take the coefficient of the critical factor, which is equal 

to the ratio of the random effort S%  and the generalized 

strength R%  

 1,0R

S
K

R
 

%
%

%
. (1) 

The main models of the failure are the cut of the bolt 

and the bearing of the metal of the connected elements 

in the hole. In general, the bolted connection of the 

b) 

а) 
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body sheet can be represented as a multi-element sys-

tem, the failure of each element of which leads to the 

formation of a new design scheme of the joint and thus 

provokes a change in the reliability of the whole con-

nection. 

The general concept of a stochastic calculation will 

be based on the use of the Monte-Carlo simulation pro-

cedure for samples of the random variables ,R i  and 

,S i  of the large volume 15. For the critical factor of 

the basic metal of the sheets of the silo body, the fol-

lowing ratio will be valid 

1

1

S ,i SS
R ,i K K ,i

R R ,i R

Vm
K m

m V







   


, (2) 

where Sm  and Rm  – mathematical expectations of ran-

dom variables S%  and R% ; 

R%  and S%  – the normalized random variables with a 

given distribution law; 

RV  and SV  – the coefficients of variation of strength 

and load; 

Km  – the expected value of a critical factor. 

In the design case of a homogeneous bolted connec-

tion, when all bolts of the system are elements of one 

sample, the critical factor of the metal of bolts ,b iK%  is 

expressed by the following expression 14: 
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where ,bs iR%  – the random value of the strength of one 

bolt per cut; 

bA  – the value of the area of the bolts; 

bd  – the diameter of the bolt; 

n – the number of elements (bolts) of the sample; 

Sm , bsm  and SV , bsV  – respectively the values of the 

expected value and coefficients of variation of the ran-

dom variables iS%  and ,bs iR% ; 

,bs i%  – the normalized random value of the strength of 

the bolt; 

,S i%  – the value of the normalized random value of 

maximums of the external force, which influence the 

connection. 

The problem of stochastic calculation of a quasi-ho-

mogeneous bolted joint, when the bolts of connection 

consist of two independent samples 1 2n n n  , has 

been considered in studies of the group of authors 14. 
We also should consider the design situation where the 

bolts of connection consist of three independent sam-

ples 1 2 3n n n n   .  

This case will illustrate the change in system reliabil-

ity when there are coupled three types of fasteners in a 

unit connection, such as bolts of different strength clas-

ses or different manufacturing plants. 

The use of expression (3), taking into account the cor-

responding values of the expected value bm  and the co-

efficient of variation bsV , will be valid only in cases 

, 1,0b iK % , ie., before the failure 

,
1, 1 2, 2 3, 3

.
( )

i
b i

b bs i bs i bs i

S
K

A R n R n R n


     

%
%

% % %
 (5) 

If there is a connection failure, a critical factor ex-

ceeded the single-level. This process can be imple-

mented according to different schemes, each of them 

should be considered when calculating a random value 

of the critical factor. For the simplest connection of the 

three bolts, the random strength of which in the space 

of effort is corresponding to 01S% , 02S%  and 03S%  the reli-

ability of the connection will be ensured if the follow-

ing demands are made for the i-th sample element: 

1) the value of the random strength of each of the 

three bolts 01, 02, 03,i i iS S S % % %  will be bigger than the 

force / 3iS% ; 

2) the strength of one of the bolts is less than / 3iS%  

and it is ruined, but the strength of the remaining two 

ones is bigger than / 2iS% ; 

3) the strength of two bolts is less than / 3iS%  , and of 

the third one is bigger than iS% ; 

4) the strength of one bolt is bigger than / 3iS%  but less 

/ 2iS% ; the strength of the second bolt is bigger than 

/ 2iS%  and of the third one is bigger than iS% . 

In this case, we will get a system of conditions for a 

critical factor: 

І − the strength of all bolts is less than / 3iS%  ; 

II… IV − strength of one of the bolts is less than / 3iS%

; 

V… VII − the effort / 3iS%  in both bolts simultane-

ously exaggerates their bearing capacity; 

VIII − the bearing capacity of all bolts is less than 

/ 3iS% . 

This system can generally be schematized by the ex-

pression (6), where for values 12,b iK% , 13,b iK%  and 23,b iK%  

we will apply the term «conditional» critical factors. 

These random variables will be calculated just  as for 

the case of connecting elements from two independent 

samples, which were described in the paper 
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Also, in order to find the values of conditional critical 

factors, based on the general expression (3), we can ob-

tain the following formulas: 
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The magnitudes of the expected value and the coeffi-

cient of variation of the critical factor, when calculated 

by formulas (7) and (8), will acquire a new presenta-

tion: 
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where 2 2

1 1

bs
bs

bs

m n

m n
   − the ratio of the characteristics 

and the number of bolts. 

The values of the coefficients ,b i  and ,b i  ,which 

appear in (9) and (10) will be determined from the fol-

lowing conditions 
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To illustrate the calculation procedure for the search 

of the coefficient of the critical factor of a three-element 

bolted joint, we will do a practical example of calcula-

tion with the following graphical presentation. The cal-

culation will be performed accordingly to the following 

initial characteristics of the system − the bolted joint 

receives the action of a random force, with the expected 

value 200Sm   kN and with one of the three values of 

the coefficient of variation 0,2 0,4 0,6SV    . The 

distribution density of the probabilities is assumed as a 

double exponential law. The bearing capacity of all 

three bolts is determined by a normal law, but with dif-

ferent statistical characteristics: for the first bolt − 

,01 250Sm   kN, for the second one − ,02 200Sm   kN, 

and for the third one − ,03 150Sm   kN. The range of 

the coefficients’ changing of the bearing capacity of all 

bolts is accepted as 0,05 0,1 0,2SV     . 

The reliability assessment will be performed on a spe-

cial coordinate plane – the critical probability scale, on 

the y-axis of which we put the values of a random var-

iable of a critical factor, and on the x-axis – the double 

natural logarithm of the probability of the failure-free 

work 

ln[ ln( )]y F   ,   (13) 

where F  – the probability of a failure-free work, 

which is calculated using the formula 14, 15 

2 24 (1 1/ )
exp exp

2

B B A C S K

A

V m
F

   


        
  

  

,(14) 

where A , B  and C  – dimensionless coefficients, 

which consider the influence of the coefficient of vari-

ation of the bearing capacity and the law of maximums’ 

distribution of a random load.  For the load distribution, 

accordingly to the normal law of distribution 

0,02A   , 0,65B  , 0,18C   , and for the double 

exponential Humbel law 0A  , 0,84B  , 

0,57C  . 

This allows comparing data across a wide range of a 

failure-free work. 

The resulting curves of change of the critical factor 

are shown on the fig. 2, which have the graphs of three 

kinds on the coordinate plane. 

The curves plotted with a solid thick line correspond 

to the reference functions of the critical factor. 

The graphs, which are illustrated by dots, are the 

functions that are constructed by formula (6) without 

considering the calculations of conditional critical fac-

tors, i.e., it is considered the process of failure of one 

bolt in joint with the two others, but the mechanism of 

failure of one bolt of the joint is not taking into account. 

Dotted curves are the values of the critical factor cal-

culated in case of absence of any sequence of failure of 

the bolts in the joint. 

Observing the nature of the change in the curves (fig. 

2), we can see clearly an error, which arises in case of 

fully neglecting the sequence of the bolts’ failure in the 

joint.  

It is logical that the greatest differences occur be-

tween the solid and the dotted curves. 
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Figure 2 − Probability of a failure-free work  
of the joint of three bolts on a critical  

probability scale:  
а – ,01 ,02 ,03 0,05R R RV V V   ; 0,2 0,4 0,6SV    ;  

b – ,01 ,02 ,03 0,2R R RV V V   ; 0,2 0,4 0,6SV     

 

The difference between solid and pointed curves is 

not so significant and does not increase in case of insig-

nificant variability of the bolted strength, even if there 

are large values of the coefficient of variation of the ex-

ternal force. This is especially noticeable when compar-

ing the behavior of the curves not in the entire coordi-

nate plane, but only in the vicinity of the ordinate Kb = 

1, for value of which the probability of a failure-free 

work is calculated. 

Figure 2 also shows that the curves ,b iK%  have three 

inflection points. However, the smaller the variability 

of the strength of the bolt is, the clearer the given point 

could be tracked and the greater is the angle of the 

curves to the horizontal axis. At large values of the co-

efficient of variation of the strength the curves of the 

critical factor are smoother in nature, and the points of 

inflection of the curves are almost imperceptible. Con-

sidering this, it can be assumed that the dependence of 

the critical factor from the logarithmic reliability index 

will always have as many inflection points as the bolts 

of different statistical characteristics, which are in-

cluded in the joint. It should only be noted that the ran-

dom values of the strength of the bolts must be inde-

pendent. 

Also, we consider that with small coefficients of var-

iation of the force values and the different coefficients 

of variation of the strength of the bolts, the index of the 

probability of failure-free work of the joint is very close 

and differs only when Vs > 0,5.  

Of course, the biggest role plays also the ratio of ex-

pected value, but for highly reliable systems we can 

also use this tendency. 

When there is the absence of variability of the strength 

values of the bolts on the critical probability scale, the in-

clined sections of the curves between the points of inflec-

tion turn into vertical segments (fig. 3). 

Thus, we can state that the random value of the criti-

cal factor increases when there is the constant value of 

the reliability index. 

If the expected value of the bolt strength is equal, then 

the curve of the critical factor must be constructed ac-

cordingly to the formula (3). 
 

 
 

Figure 3 − Probability of a failure-free work  
of the joint of three bolts on critical probability 

scale in case of absence variability  
of the strength of the bolts 

 

Conclusions 
1. As part of the study, it was further developed the 

method for assessing the reliability of multi-bolt joints 

of the body sheets of steel cylindrical silos for situations 

when bolts in the mounting joint can belong to the three 

strength classes. 

2. It was obtained the system of conditions and ana-

lytical dependencies for the calculation of the critical 

factor coefficient. 

3. Using the example of graphical construction of the 

curves of the coefficients of the critical factor for dif-

ferent cases of failure sequences, it was illustrated that 

accidental presence of bolts of smaller strength classes 

in the mounting joint rapidly increases the risk of fail-

ure. 

4. It was found that the index of probability of failure-

free work of the homogeneous and quasi-homogeneous 

bolted joints begin to differ only when the coefficients 

of variation of the force value Vs > 0,5 increase. 

5. Even if there is the absence of variability of values 

of the bolt strength, the random value of the critical fac-

tor will be increased accordingly to a constant value of 

the reliability index. 

a) 
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