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Abstract— In an article it was proposed a computational 
procedure that provides a solution to the problem of finding a 
route in a network that minimizes the total duration of the 
message transmission between nodes of the network, taking into 
account the nodes dynamics usage.  The described procedure is 
easily realized, its complexity depends linearly on the complexity 
(number of nodes) of the network. 
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I.  INTRODUCTION 
One of the central problems of organizing traffic in 

branched computer networks is routing.  In a situation where 
each node of a computer network is both a source and a 
receiver of data streams, due to the uncontrolled nature of the 
intensity of these flows, their non-stationarity, prerequisites 
arise of uncontrolled occurrence of bottlenecks, leading to 
delays or even loss of information. A natural, real way to 
mitigate the negative impact of congestion in the nodes of the 
network is the rational routing of the data transfer process.  
The corresponding task is to indicate for each source-
consumer node pair the sequence of intermediate points in 
such a way that the determined route is the best from the point 
of view of the chosen criterion.  The standard set of criteria 
traditionally used in solving the routing problem includes [1- 
2]: 

 minimization of the total data transmission delay 
during the route; 

 minimization of total costs in case of differences in 
payment for transmission over different lines of the 
network; 

 minimization of the number of intermediate points; 

 minimize the probability of failures when passing a 
route, taking into account differences in the reliability 
of network lines. 

In practice, other criteria or a combination of the above 
may also be used.  Regardless of which criterion will be 
chosen, the problem is solved on the assumption that all the 

necessary information regarding the state of each of the nodes 
of the network at each instant of time is known.  In particular, 
when solving a task on the first of the listed criteria, 
information about the length of the queue of messages 
awaiting the start of maintenance for each of the nodes of the 
network is of particular importance. 

II. STATEMENT OF THE PROBLEM AND ANALYSIS OF 
LITERATURE 

For the solution of the formulated problem, the well-
known algorithms for finding the shortest paths in the network 
are traditionally used: Bellman [3], Dijkstra [4], Land and 
Doig [5], Ford-Falkerson [6], branch and bounds [7].  
However, all of them have a fundamental disadvantage, the 
essence of which is the constructive use of the assumption that 
the usage of network nodes during the whole time of the 
implementation of data transfer from the source point of the 
network to the destination does not change.  In reality, the 
delay in the message when passing through the next 
intermediate point may turn out to be such that the busyness of 
the next node on the selected route due to the waiting queue of 
messages waiting to be processed by this time will prove to be 
unacceptably large [8-10], which will lead to the inadvisability 
of its use.  Thus, ignoring unmanaged changes in the state of 
network nodes can lead to a significant degradation in the 
efficiency of the entire process of data transmission in the 
network. 

In this regard, the topic of the article is routing control in a 
computer network taking into account the dynamics of the 
usage rate of nodes. 

III. FORMULATION OF THE PROBLEM 
A branched computer network unites a large number of 

nodes.  Therefore, for each pair of correspondent nodes, it is 
possible to build a very large number of different routes 
containing a different number of intermediate nodes.Suppose 
that to transfer information from the i-th point of the network 
to the j-th, a route containing s intermediate nodes - 
 slll ,...,, 21 is selected.  At the same time, the total delay of 
data transmission when it is implemented along the specified 



route will be equal to the sum of the total transit time through 
the appropriate relay links and delays at intermediate nodes.  
Therefore, if a value equal to the total delay is chosen as the 
criterion for the efficiency of the route, then for each node it is 
necessary to calculate the duration of the delay of the message 
arriving at the input of this node at a given moment in time, 
taking into account the dynamics of its usage rate.  This data 
should then be used to select a route that minimizes the 
criterion.  Let’s consider the methodology of solving the 
problem. 

IV. MODDELING 
Let there be given a network consisting of a set of nodes, 

some pairs of which are connected by oriented arcs. We 
introduce the set of   jiN ,  pairs of nodes such that the node 
i  is directly connected with j . In addition, we assign to each 
pair   Nji , a number ijc ,that specifies the length of the 
path along the arc emanating from the node i  and entering the 
node j . The value of ijc  cannot be measured in units of 
length, it can be the cost or time of moving from i  to j . Now 
we introduce the set of indicators  ijx  as follows: 
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Let it be necessary to find the shortest route from the node 
s  to the node r . The mathematical formulation of the 
corresponding problem has the form: find a boolean set  ijx , 
that minimizes: 
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The solution of the problem is achieved by passing to the 
dual:  minimize rs yy   under constraints ijji cyy  , 
  Nji , . 

The algorithm of solving the problem consists of a 
preliminary step and a sequence of similar iterations. 

A. Preliminary step.  
We set 0ry , ky , rk  . 

B. Main iteration.  
If there is at least one arc   Nji , in the network such that 

jiji ycy  , the value of iy  changes to jij yc  . If there is 
no such arc then stop. 

The obvious drawback of the described method is 
determined by its exhaustive character.  The complexity of the 
solution of the problem grows rapidly with its dimension. 

More effective is another method for solving the problem 
of finding the shortest route, also based on the transition to the 
dual problem. 

In the preliminary step of the method, the network nodes 
are numbered in this way, for all   Nji , there was a ji  . 
In this case, it is clear that the end node will be number 1, and 
the initial one – number m , where m  - total number of nodes 
in the network. The algorithm for solving the problem 
contains the first step and the sequence of the same iterative 
steps. 

A. Step 1. 
We set 01 y . 

B. Iterative step.  
We carry out 

 
 jij

Nji
i ycy 

,
min , mi ,...,3,2 . 

This algorithm is faster than the previous one, however, it 
is also unacceptably slow for real-dimensional problems. 

Let's consider one more method of searching for the 
shortest route in the network.  The method uses a special 
operation on the matrices.  In this case, two 
matrices  pmAA dim  and  qpBB dim are associated 
with a matrix BAC   qmC dim , which elements are 
defined by the formula 

 

 pjipjijiij bababac  ,,,min 2211  , mi ,...,2,1 , qj ,...,2,1 . 

 

In the particular case when qpm  , this rule takes the 
form:  

 

 kjikkij bac  min , mi ,...,2,1 , mj ,...,2,1 . 

 

To implement the method in the problem of finding the 
shortest path, we introduce the matrix of lengths of one-link 
paths  )1(

1 ijrR  ,   Nji , , between nodes of the network. In 



this case, if   Nji , , then the corresponding value is 

)1(
ijr . Now calculate the matrix 112 RRR  . 

It is clear that the element 2
)2( Rrij  determines the length 

of the shortest path from i  to j . The matrix has two 
important properties.  First, in this matrix there can appear 
two-link paths between some nodes i  and j  such that 
  Nji , . Secondly, which is much more important, for some 
pairs of nodes there can be two-link paths for which 

)1()2(
ijij rr  , that is, for a pair of nodes  ji,  there can be an 

intermediate node k  such that )1()1()1(
ijkjik rrr  . 

Continuing further, we obtain the matrix 123 RRR  , 
which determines the best three-link paths.  The described 
procedure is performed until at the next step it turns out that 

1 ll RR . Moreover, it is clear that the matrix 1lR  
determines the shortest paths for any pairs of nodes of the 
network.  

The described procedure is very effective and can be used 
to solve routing problems of real dimension.  However, it does 
not allow directly to take into account the dynamics of the 
usage of nodes.  Let's consider the method of finding the 
shortest route in the network, which minimizes the total 
duration of message transmission, taking into account the 
dynamics of the usage of intermediate nodes. 

We introduce the function )(tTk , which specifies the 
average delay of the message arriving at the input of the k -the 
node at the time t . Then, when implementing the route 
 jllli s ,,...,,, 21 , used to transmit the message from point i  to 
j , the average values of the delay values for each of the nodes  

route.  

Let kl  - be the transmission time of the message over the 
communication channel between the k -th and l -th nodes (it 
is equal to infinity if the k -th и l -th nodes are not directly 
connected by the communication channel).We obtain a set of 
recurrence relations for calculation of delays in nodes when a 
message is traversed along the selected route. We have: 

 
111 illl TT   - delay in the 1l  node of the message arriving 

at the node's input 1l  at the time
1ilt  ; 
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It is clear that this sequence of formulas can be continued. 

Then the total delay 
slllT ,...,21

, arising from the use of the 
route slll ,...,, 21 , will be: 
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Thus, the problem is reduced to the following: for a pair of 
nodes  ji, find the route  jllli s ,,...,,, 21 , connecting them, 
minimizing (1) and satisfying the constraints: 
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It is clear that to obtain a solution it is necessary to have an 
analytic description of the function )(tTi . We obtain it by 
adopting the following assumptions.  First, we assume that the 
input of the k -th node of the network receives a superposition 
of fluxes from different sources, forming in aggregate a non-
stationary Poisson flow with intensity  tk . Secondly, 
suppose that the random service time of messages in the k -th 
node of the system is distributed exponentially with an 
intensity of  tk . Let  0kn  - be the length of the queue in 
the k -th node at the time 0t  begins the message 
transmission from the node i . Finally, we assume that the 
average time for a message to be transmitted from one node to 
another via a communication channel in a real network is less 
than the time for a significant change in the network state. 

Then the average length of the queue in the k -thnode at 
time t  will be: 
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Moreover, for the description of  tk , for example, in the 
form of a regression polynomial, one can use a sequence of 
values of the number of messages arriving at the input of this 
node at some interval preceding the moment of sending a 
message from the node i . Then, taking into account (3), the 
average delay of the requirement received at the input of the 
k -th node at time t  is equal to: 
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Let us turn to the technology of finding the optimal route. 

We choose the time interval  max,0 T , the length of which 
is certainly longer than the transmission time of the message 
in the network and split it into q  sub-intervals 
   ,...,2,,,0    ,,1  ss   max,1..., Tq  ,  of length 

q
Tmax . Now, for each subinterval qs ,...,2,1  we calculate 

the delay matrix for implementing one-path paths between 
each pair of network nodes: 

 

        ;)1()1(  sTsT kl  

     sTsT kllklkl )1( , qs ,...,2,1 .          (5) 

 

Now, taking into account (5), we obtain a set of matrices 
that specify the minimum delay in realizing the shortest (in 
sense of delay) two-step paths: 
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This recurrence relation has a very clear meaning.  In order 
to obtain the optimal two-way path between any pair of nodes 
 lk,  it is necessary to select such an allowable intermediate 
node r , that the sum of the delay in the first step and the delay 
in the second step, depending on the choice in the first step, be 
the smallest.  It is clear that such an optimal route will be 
found if for pair  lk,  there is at least one node r such that 

1 rlkr  . 

Further, the obtained set of  sT )2(  matrices is used to 
calculate the matrices of optimal three-step paths: 

 

      ;)3()3(  sTsT kl  

    sTT krrkrrkl min)3(   sTT rlrl
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And this ratio is easily interpreted: the optimal three-step 
path is determined by the best choice of the first intermediate 
node, taking into account the optimal two-step continuation. 
Acting similarly, for an arbitrary p -th step we have 

    ;)()(  sTsT p
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p  

      sTsTT p
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p
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The described procedure is continued until, at some next 
iteration, the resulting matrices for qs ,...,2,1 optimal paths 
do not coincide with the corresponding matrices calculated in 
the previous step.  Further calculations can be stopped. 

It should be noted that the computational complexity of the 
procedure does not depend on the step number: at each 
iteration, the first step is selected taking into account the 
already prepared optimal continuation.  The accuracy of the 
resulting solution is determined by the length of the 
subinterval  , which determines the discreteness with which 
the continuation matrix is selected after calculating the values 

 sTkr
)1( , qs ,...,2,1 . 

V. CONCLUSIONS 
Thus, a computational procedure is proposed that provides 

a solution to the problem of finding a route in a network that 
minimizes the total duration of the message transmission 
between nodes of the network taking into account the 
dynamics of the usage of intermediate nodes.  The described 
procedure is easily realized, its complexity depends linearly on 
the complexity (number of nodes) of the network. 
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