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ǼǽǳǾǮȀǼǾǶ Q-ȁǺǼǰǻǼǦ ǥǻǰǮǾǥǮǻȀǻǼǿȀǥ ǻǳǹǥǻǥǷǻǶȃ ǾǥǰǻȍǻȊ ȀǳǽǹǼǽǾǼǰǥǲǻǼǿȀǥ 
 

Ⱦɨɫɥɿɞɠɟɧɨ Q-ɭɦɨɜɧɭ ɫɢɦɟɬɪɿɸ ɧɟɥɿɧɿɣɧɢɯ ɪɿɜɧɹɧɶ ɬɟɩɥɨɩɪɨɜɿɞɧɨɫɬɿ ɜɿɞɧɨɫɧɨ ɿɧɜɨɥɸɬɢɜɧɢɯ ɦɧɨɠɢɧ ɞɜɨɯ ɨɩɟɪɚ-
ɬɨɪɿɜ. Ɂɧɚɣɞɟɧɨ ɧɨɜɿ ɿɧɜɨɥɸɬɢɜɧɿ ɦɧɨɠɢɧɢ ɡ ɞɜɨɯ ɨɩɟɪɚɬɨɪɿɜ ɜɿɞɧɨɫɧɨ ɹɤɢɯ ɰɿ ɪɿɜɧɹɧɧɹ ɽ Q-ɭɦɨɜɧɨ ɿɧɜɚɪɿɚɧɬɧɢɦɢ. 

Q-conditional symmetry of equations of nonleanar heat equations with respect to an involute set  consisting of two operators 
was investigated. The new involutes set consisting of two operators Q-conditional symmetry of equations of this class was find. 

 
ȼɫɬɭɩ 

ɉɪɢɧɰɢɩɢ ɫɢɦɟɬɪɿʀ ɜɿɞɿɝɪɚɸɬɶ ɮɭɧɞɚɦɟɧɬɚɥɶɧɭ ɪɨɥɶ ɭ ɩɪɢɪɨɞɨɡɧɚɜɫɬɜɿ. Ɂɚɤɨɧɢ ɡɛɟɪɟɠɟɧɧɹ ɟɧɟɪɝɿʀ, ɿɦɩɭɥɶɫɭ, 
ɦɨɦɟɧɬɭ ɤɿɥɶɤɨɫɬɿ ɪɭɯɭ ɽ ɧɚɫɥɿɞɤɨɦ ɨɞɧɨɪɿɞɧɨɫɬɿ, ɿɡɨɬɪɨɩɧɨɫɬɿ ɱɨɬɢɪɢɜɢɦɿɪɧɨɝɨ ɩɪɨɫɬɨɪɭ-ɱɚɫɭ. ɉɨ ɜɿɞɧɨɲɟɧɧɸ ɞɨ 
ɞɢɮɟɪɟɧɰɿɚɥɶɧɢɯ ɪɿɜɧɹɧɶ, ɫɢɦɟɬɪɿɸ ɦɨɠɧɚ ɬɚɤɨɠ ɪɨɡɝɥɹɞɚɬɢ ɹɤ ɩɪɢɧɰɢɩ, ɡɚ ɞɨɩɨɦɨɝɨɸ ɹɤɨɝɨ ɿɡ ɧɚɣɪɿɡɧɨɦɚɧɿɬɧɿɲɢɯ 
ɥɨɝɿɱɧɨ ɞɨɩɭɫɬɢɦɢɯ ɦɨɞɟɥɟɣ (ɪɿɜɧɹɧɶ, ɫɩɿɜɜɿɞɧɨɲɟɧɶ) ɜɿɞɛɢɪɚɸɬɶɫɹ ɬɿɥɶɤɢ ɬɿ, ɤɨɬɪɿ ɜɨɥɨɞɿɸɬɶ ɲɢɪɨɤɨɸ ɫɢɦɟɬɪɿɽɸ. 
ɐɟ ɩɨɜ'ɹɡɚɧɨ, ɩɟɪɲ ɡɚ ɜɫɟ, ɡ ɬɢɦ, ɳɨ ɨɫɧɨɜɧɿ ɮɿɡɢɱɧɿ ɡɚɤɨɧɢ, ɪɿɜɧɹɧɧɹ ɪɭɯɭ, ɪɿɡɧɿ ɦɚɬɟɦɚɬɢɱɧɿ ɦɨɞɟɥɿ ɜɨɥɨɞɿɸɬɶ ɹɜ-
ɧɨɸ ɱɢ ɭɦɨɜɧɨɸ, ɝɟɨɦɟɬɪɢɱɧɨɸ ɱɢ ɧɟɝɟɨɦɟɬɪɢɱɧɨɸ, ɥɨɤɚɥɶɧɨɸ ɱɢ ɧɟɥɨɤɚɥɶɧɨɸ ɫɢɦɟɬɪɿɹɦɢ. ɍɫɿ ɨɫɧɨɜɧɿ ɪɿɜɧɹɧɧɹ 
ɦɚɬɟɦɚɬɢɱɧɨʀ ɮɿɡɢɤɢ (ɪɿɜɧɹɧɧɹ ɇɶɸɬɨɧɚ, Ʌɚɩɥɚɫɚ, ɞ'Ⱥɥɚɦɛɟɪɚ, ɒɪɟɞɿɧɝɟɪɚ, Ʌɿɭɜɿɥɥɹ, Ⱦɿɪɚɤɚ, Ɇɚɤɫɜɟɥɚ ɿ ɬ.ɞ.) ɿɧɜɚɪɿ-
ɚɧɬɧɿ ɜɿɞɧɨɫɧɨ ɞɨɫɬɚɬɧɶɨ ɲɢɪɨɤɢɯ ɝɪɭɩ ɩɟɪɟɬɜɨɪɟɧɶ. ɋɚɦɟ ɰɹ ɜɥɚɫɬɢɜɿɫɬɶ ɜɢɞɿɥɹɽ ʀɯ ɿɡ ɦɧɨɠɢɧɢ ɿɧɲɢɯ ɞɢɮɟɪɟɧɰɿɚ-
ɥɶɧɢɯ ɪɿɜɧɹɧɶ. Ɉɞɧɢɦɢ ɡ ɬɚɤɢɯ ɪɿɜɧɹɧɶ ɽ ɧɟɥɿɧɿɣɧɿ ɪɿɜɧɹɧɧɹ ɬɟɩɥɨɩɪɨɜɿɞɧɨɫɬɿ, ɹɤɿ ɜɧɚɫɥɿɞɨɤ ɫɜɨɝɨ ɲɢɪɨɤɨɝɨ ɡɚɫɬɨɫɭ-
ɜɚɧɧɹ ɽ ɰɿɤɚɜɢɦ ɨɛ'ɽɤɬɨɦ ɞɨɫɥɿɞɠɟɧɧɹ ɛɚɝɚɬɶɨɯ ɧɚɭɤɨɜɰɿɜ. Ɂɚɞɚɱɟɸ ɞɨɫɥɿɞɠɟɧɧɹ ɫɢɦɟɬɪɿɣɧɢɯ ɜɥɚɫɬɢɜɨɫɬɟɣ ɥɿɧɿɣɧɨ-
ɝɨ ɪɿɜɧɹɧɧɹ ɬɟɩɥɨɩɪɨɜɿɞɧɨɫɬɿ ɡɚɣɦɚɜɫɹ ɳɟ ɋɨɮɭɫ Ʌɿ. ɇɚ ɩɪɢɤɥɚɞɿ ɥɿɧɿɣɧɨɝɨ ɪɿɜɧɹɧɧɹ ɬɟɩɥɨɩɪɨɜɿɞɧɨɫɬɿ Ⱦɠ. Ȼɥɭɦɟɧ ɿ 
ȱ.Ⱦ. Ʉɨɭɥ [12] ɜɜɟɥɢ ɩɨɧɹɬɬɹ ɧɟɤɥɚɫɢɱɧɨʀ ɫɢɦɟɬɪɿʀ ɞɢɮɟɪɟɧɰɿɚɥɶɧɢɯ ɪɿɜɧɹɧɶ. 

ȼɢɹɜɥɹɽɬɶɫɹ, ɳɨ ɽ ɰɿɥɿ ɤɥɚɫɢ ɪɿɜɧɹɧɶ, ɳɨ ɲɢɪɨɤɨ ɡɚɫɬɨɫɨɜɭɸɬɶɫɹ ɩɪɢ ɨɩɢɫɚɧɧɿ ɤɨɧɤɪɟɬɧɢɯ ɮɿɡɢɱɧɢɯ ɩɪɨɰɟɫɿɜ, ɹɤɿ 
ɧɟ ɜɨɥɨɞɿɸɬɶ ɥɿʀɜɫɶɤɨɸ ɫɢɦɟɬɪɿɽɸ, ɚ ɰɟ ɨɡɧɚɱɚɽ, ɳɨ ɦɟɬɨɞ Ʌɿ ɞɥɹ ɧɢɯ ɽ ɦɚɥɨɟɮɟɤɬɢɜɧɢɦ. ȱ ɬɨɦɭ ɚɤɬɭɚɥɶɧɨɸ ɫɬɚɥɚ 
ɡɚɞɚɱɚ ɭɡɚɝɚɥɶɧɢɬɢ ɦɟɬɨɞ Ʌɿ ɡ ɦɟɬɨɸ ɩɨɛɭɞɨɜɢ ɩɪɢɧɰɢɩɨɜɨ ɧɨɜɢɯ ɚɧɡɚɰɿɜ ɿ ɬɨɱɧɢɯ ɪɨɡɜ'ɹɡɤɿɜ, ɹɤɿ ɧɟ ɦɨɠɭɬɶ ɛɭɬɢ 
ɨɬɪɢɦɚɧɿ ɫɬɚɧɞɚɪɬɧɢɦ ɚɥɝɨɪɢɬɦɨɦ Ʌɿ. ȼ 1969 ɪɨɰɿ Ⱦɠ. Ȼɥɭɦɟɧ ɬɚ ȱ.Ⱦ. Ʉɨɭɥ ɜ [12] ɜɜɟɥɢ ɩɨɧɹɬɬɹ ɧɟɤɥɚɫɢɱɧɢɯ ɫɢɦɟɬ-
ɪɿɣ ɞɥɹ ɩɨɲɭɤɭ ɧɨɜɢɯ ɚɧɡɚɰɿɜ ɿ ɬɨɱɧɢɯ ɪɨɡɜ'ɹɡɤɿɜ. ɉɪɨɞɨɜɠɟɧɧɹ ɪɨɡɜɢɬɤɭ ɿɞɟɣ Ȼɥɭɦɟɧɚ ɿ Ʉɨɭɥɚ ɫɩɨɫɬɟɪɿɝɚɽɬɶɫɹ ɜ ɩɪɚ-
ɰɹɯ Ɉɥɜɟɪɚ ɬɚ Ɋɨɡɟɧɚɭ [18, 19], ȼ.ȱ. Ɏɭɳɢɱɚ ɿ ȱ.Ɇ. ɐɢɮɪɢ [15]. ɇɚ ɨɫɧɨɜɿ ɰɢɯ ɞɨɫɥɿɞɠɟɧɶ ɜ ɩɪɚɰɹɯ ȼ.ȱ. Ɏɭɳɢɱɚ,  
ȼ.ȱ. ɑɨɩɢɤɚ ɿ Ɇ.ȱ. ɋɽɪɨɜɚ [5, 11, 9, 10] ɛɭɥɨ ɪɨɡɪɨɛɥɟɧɨ ɧɨɜɢɣ ɦɟɬɨɞ ɡɧɚɯɨɞɠɟɧɧɹ ɫɢɦɟɬɪɿɣ, ɹɤɢɣ ɨɬɪɢɦɚɜ ɧɚɡɜɭ ɦɟ-
ɬɨɞ ɭɦɨɜɧɨʀ ɫɢɦɟɬɪɿʀ. Ɂɚ ɞɨɩɨɦɨɝɨɸ ɰɶɨɝɨ ɦɟɬɨɞɭ ɦɨɠɧɚ ɨɞɟɪɠɚɬɢ ɬɚɤɿ ɩɿɞɦɧɨɠɢɧɢ ɪɨɡɜ'ɹɡɤɿɜ ɞɢɮɟɪɟɧɰɿɚɥɶɧɢɯ ɪɿɜ-
ɧɹɧɶ, ɫɢɦɟɬɪɿɹ ɹɤɢɯ ɲɢɪɲɚ, ɚ ɿɧɨɞɿ ɿ ɡɨɜɫɿɦ ɜɿɞɪɿɡɧɹɽɬɶɫɹ, ɜɿɞ ɫɢɦɟɬɪɿʀ ɜɫɿɽʀ ɦɧɨɠɢɧɢ ɪɨɡɜ'ɹɡɤɿɜ. Ɋɟɡɭɥɶɬɚɬɢ ɞɨɫɥɿ-
ɞɠɟɧɶ ɭɦɨɜɧɨʀ ɫɢɦɟɬɪɿʀ ɞɟɹɤɢɯ ɤɨɧɤɪɟɬɧɢɯ ɪɿɜɧɹɧɶ ɩɪɟɞɫɬɚɜɥɟɧɿ ɜ [6, 10, 14, 17].  

Ɂɚɞɚɱɚ ɞɨɫɥɿɞɠɟɧɧɹ Q-ɭɦɨɜɧɨʀ ɫɢɦɟɬɪɿʀ ɪɿɜɧɹɧɧɹ ɬɟɩɥɨɩɪɨɜɿɞɧɨɫɬɿ ɪɨɡɝɥɹɞɚɥɚɫɹ ɛɚɝɚɬɶɦɚ ɚɜɬɨɪɚɦɢ. Ɍɚɤ, Q-
ɭɦɨɜɧɭ ɿɧɜɚɪɿɚɧɬɧɿɫɬɶ ɥɿɧɿɣɧɨɝɨ ɨɞɧɨɜɢɦɿɪɧɨɝɨ ɪɿɜɧɹɧɧɹ ɬɟɩɥɨɩɪɨɜɿɞɧɨɫɬɿ ɜɢɜɱɟɧɨ ɜ [13, 20]. Ɂɚɞɚɱɭ ɩɪɨ Q-ɭɦɨɜɧɭ 
ɫɢɦɟɬɪɿɸ ɥɿɧɿɣɧɨɝɨ n-ɜɢɦɿɪɧɨɝɨ ɪɿɜɧɹɧɧɹ ɬɟɩɥɨɩɪɨɜɿɞɧɨɫɬɿ ɪɨɡɜ'ɹɡɚɧɨ ɜ [3]. ȼ [4, 6, 7, 8, 14, 9] ɞɨɫɥɿɞɠɟɧɨ ɭɦɨɜɧɭ ɬɚ 
Q-ɭɦɨɜɧɭ ɫɢɦɟɬɪɿɸ ɨɞɧɨɜɢɦɿɪɧɢɯ (1+1) ɧɟɥɿɧɿɣɧɢɯ ɪɿɜɧɹɧɶ ɬɟɩɥɨɩɪɨɜɿɞɧɨɫɬɿ  
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Q-ɭɦɨɜɧɭ ɫɢɦɟɬɪɿɸ ɪɿɜɧɹɧɶ (3)  ɜɿɞɧɨɫɧɨ ɨɩɟɪɚɬɨɪɚ 
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ɜɢɜɱɟɧɨ ɜ [2], ɞɟ ɩɪɨɜɟɞɟɧɨ ɩɨɜɧɢɣ ɨɩɢɫ ɨɩɟɪɚɬɨɪɿɜ (4), ɜɿɞɧɨɫɧɨ ɹɤɢɯ ɡɚ ɭɦɨɜɢ ( ) 0H u ¹ ɪɿɜɧɹɧɧɹ (2) ɽ Q-ɭɦɨɜɧɨ 

ɿɧɜɚɪɿɚɧɬɧɢɦɢ. ȼ [2] ɩɨɞɚɧɨ ɪɟɡɭɥɶɬɚɬɢ ɜɢɱɟɪɩɧɨʀ ɝɪɭɩɨɜɨʀ ɤɥɚɫɢɮɿɤɚɰɿʀ ɜ ɤɥɚɫɿ ɪɿɜɧɹɧɶ (2) ɡ ɬɨɱɤɢ ɡɨɪɭ ɩɟɪɟɬɜɨɪɟɧɶ 
ɟɤɜɿɜɚɥɟɧɬɧɨɫɬɿ, ɳɨ ɧɚɜɟɞɟɧɿ ɜ ɬɟɨɪɟɦɿ 1. 

Ɍɟɨɪɟɦɚ 1 Ɇɚɤɫɢɦɚɥɶɧɨɸ ɥɨɤɚɥɶɧɨɸ ɝɪɭɩɨɸ G~  ɬɨɱɤɨɜɢɯ ɩɟɪɟɬɜɨɪɟɧɶ ɟɤɜɿɜɚɥɟɧɬɧɨɫɬɿ ɪɿɜɧɹɧɶ (2) ɽ ɝɪɭɩɚ, ɳɨ 

ɫɤɥɚɞɚɽɬɶɫɹ ɡ ɩɟɪɟɬɜɨɪɟɧɶ 
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ȼɢɤɨɪɢɫɬɨɜɭɸɱɢ ɪɟɡɭɥɶɬɚɬɢ  ɩɪɚɰɶ [1, 16, 2] ɞɥɹ ɪɿɜɧɹɧɶ (3), ɩɨɞɚɦɨ ɪɟɡɭɥɶɬɚɬɢ ɝɪɭɩɨɜɨʀ ɤɥɚɫɢɮɿɤɚɰɿʀ ɭ ɜɢɝɥɹɞɿ 
ɧɚɫɬɭɩɧɨʀ ɬɟɨɪɟɦɢ. 

Ɍɟɨɪɟɦɚ 2 Ⱦɥɹ ɛɭɞɶ-ɹɤɢɯ ɡɧɚɱɟɧɶ ɮɭɧɤɰɿɣ ( )H u  ɬɚ ( )F u  ɡ ɬɨɱɧɿɫɬɸ ɞɨ ɝɪɭɩɢ ɟɤɜɿɜɚɥɟɧɬɧɨɫɬɿ (5) ɝɪɭɩɨɜɚ ɤɥɚɫɢɮɿ-
ɤɚɰɿɹ ɧɟɥɿɧɿɣɧɢɯ ɪɿɜɧɹɧɶ (2) ɜɢɱɟɪɩɧɨ ɨɩɢɫɭɽɬɶɫɹ ɜɢɩɚɞɤɚɦɢ, ɳɨ ɧɚɜɟɞɟɧɿ ɜ ɬɚɛɥɢɰɿ 1.  

Ɂɚɭɜɚɠɟɧɧɹ. Ɂɚɡɧɚɱɢɦɨ ɬɚɤɨɠ, ɳɨ ɥɨɤɚɥɶɧɢɦɢ ɩɟɪɟɬɜɨɪɟɧɧɹɦɢ 

0 0 0 0 0 0
0 0 0 0

0 0

1 1
, ɬɚ ,

kx x x
x e u e u x e u u x

k
 l l l l

l l
-® ® ® - ® -  (6) 
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Ɋɿɜɧɹɧɧɹ 1
0 0 0 0,k k u uu u u u u e u u e    l l l l++ D = + + D = +  ɡɜɨɞɹɬɶɫɹ, ɜɿɞɩɨɜɿɞɧɨ, ɞɨ ɪɿɜɧɹɧɶ 

0 0, .k uu u u u e u u    l l+ D = + D =  

Ɍɨɦɭ ɜ ɬɚɛɥɢɰɿ 1 ɜɢɩɚɞɤɢ, ɳɨ ɦɚɸɬɶ ɨɞɢɧ ɧɨɦɟɪ ɡɜɨɞɹɬɶɫɹ ɨɞɢɧ ɞɨ ɞɪɭɝɨɝɨ, ɚ ɫɚɦɟ 

3 3 ( 1, 0),a k m ® = = 4 4 ( 1)a m ® = , 6 6,a ®  7 7.a ®  
 

Tɚɛɥɢɰɹ  1. Ʌɿʀɜɫɶɤɚ ɫɢɦɟɬɪɿɹ ɧɟɥɿɧɿɣɧɨɝɨ ɪɿɜɧɹɧɧɹ ɬɟɩɥɨɩɪɨɜɿɞɧɨɫɬɿ 
ʋ ( )H u  ( )F u  Ʌɿʀɜɫɶɤɚ ɫɢɦɟɬɪɿɹ Ɂɚɭɜɚɠɟɧɧɹ 

1 "  "  0 1 12 1 2 2 1, ,A J x x = á¶ ¶ = ¶ - ¶ ñ   

2 "  0 0 02 a aA D x x+á = ¶ + ¶ ñ   

3 kue  muel  1 0 02( ) 2a a uA D m k x mx+á = - ¶ + ¶ - ¶ ñ  m k¹  

3a ue  0
uel l+  0 0

4 0 0( )
x

uA D e l l+á = ¶ + ¶ ñ  0l¹  

4 ku  mul  2 0 02( 1) ( 1) 2a a uA D m k x m x u+á = - - ¶ + - ¶ - ¶ ñ  ( , ) (0,0), 1k m m k ¹ ¹ +  

4a ku  
1

0
ku ul l+ +   0 0

5 0 0( )
kx

uA D e u l l-+á = ¶ - ¶ ñ  0l¹  

5 1 lnu ul  0 0( ),
2

x x
a a u uA e x u e u l ll

+á ¶ + ¶ ¶ ñ   

6 ku  0 3, 2a a uA D D kx u +á = ¶ - ¶ ñ  0k¹  

6a ku  
1

0
kul +  3 5,A D D+á ñ  0k¹  

7 ue  0 1
0 0 0 1, , ( ) 2a

u a ux x 


xá¶ ¶ +¶ ¶ - ¶ ñ  1 2 1 2
2 1 1 20,x x x x+ = =  

7a ue  0
uel  1

4 1, ( ) 2a
a uA D x


x+á ¶ - ¶ ñ  1 2 1 2

2 1 1 20,x x x x+ = =  

 

Ɍɭɬ 0,l¹ ,m k – ɫɬɚɥɿ, { 1;1} mod .G  l ~Î -  ɍ ɜɢɩɚɞɤɭ 3 ɫɬɚɥɚ {0;1} modk G  ~Î  ɬɚ {0;1} mod .m G   ~Î ɍ ɜɢɩɚɞɤɚɯ 1 ɬɚ 

2, ɧɚɜɟɞɟɧɿ ɚɥɝɟɛɪɢ ɽ ɦɚɤɫɢɦɚɥɶɧɢɦɢ, ɹɤɳɨ ɪɿɜɧɹɧɧɹ ɧɟ ɽ ɟɤɜɿɜɚɥɟɧɬɧɢɦ ɪɿɜɧɹɧɧɹɦ, ɧɚɜɟɞɟɧɢɦ ɭ ɜɢɩɚɞɤɚɯ 3 – 7. 
Ɋɨɡɜ'ɹɠɟɦɨ ɡɚɞɚɱɭ:  ɞɨɫɥɿɞɢɬɢ Q-ɭɦɨɜɧɭ ɿɧɜɚɪɿɚɧɬɧɿɫɬɶ  ɧɟɥɿɧɿɣɧɢɯ ɪɿɜɧɹɧɶ ɬɟɩɥɨɩɪɨɜɿɞɧɨɫɬɿ ɜɿɞɧɨɫɧɨ ɿɧɜɨɥɸɬɢ-

ɜɧɨʀ ɦɧɨɠɢɧɢ ɞɜɨɯ ɨɩɟɪɚɬɨɪɿɜ  

0( , ) ( , ) ( , )a ab a
a b uQ A x u B x u C x u= ¶ + ¶ + ¶   (7)

 

̖̔  , , , , ,a a ab aA C A B C      – ɞɨɜɿɥɶɧɿ ɝɥɚɞɤɿ ɮɭɧɤɰɿʀ ɫɜɨʀɯ ɚɪɝɭɦɟɧɬɿɜ,  ,a 1;2.b =  
Ɉɫɤɿɥɶɤɢ ɛɭɞɶ-ɹɤɢɣ ɨɩɟɪɚɬɨɪ ɥɿʀɜɫɶɤɨʀ ɿɧɜɚɪɿɚɧɬɧɨɫɬɿ ɽ ɬɚɤɨɠ ɨɩɟɪɚɬɨɪɨɦ Q-ɭɦɨɜɧɨʀ ɿɧɜɚɪɿɚɧɬɧɨɫɬɿ, ɡ ɿɧɲɨɝɨ ɛɨɤɭ 

ɞɨɫɥɿɞɠɟɧɧɹ ɛɭɞɟ ɩɪɨɜɨɞɢɬɢɫɹ ɡ ɬɨɱɤɢ ɡɨɪɭ ɩɟɪɟɬɜɨɪɟɧɶ ɟɤɜɿɜɚɥɟɧɬɧɨɫɬɿ, ɬɨɦɭ ɲɭɤɚɽɦɨ ɨɩɟɪɚɬɨɪɢ Q-ɭɦɨɜɧɨʀ  ɿɧɜɚɪɿɚ-

ɧɬɧɨɫɬɿ, ɹɤɿ ɧɟ ɽ ɟɤɜɿɜɚɥɟɧɬɧɢɦɢ ɥɿʀɜɫɶɤɢɦ. Ɂɚɡɧɚɱɢɦɨ, ɳɨ ɮɭɧɤɰɿʀ ( )H u  ɬɚ ( )F u  , ɩɪɢ ɹɤɢɯ ɪɿɜɧɹɧɧɹ (2) ɡɜɨɞɹɬɶɫɹ ɥɨɤɚ-

ɥɶɧɨɸ ɡɚɦɿɧɨɸ ɞɨ ɥɿɧɿɣɧɨɝɨ ɪɿɜɧɹɧɧɹ ɬɟɩɥɨɩɪɨɜɿɞɧɨɫɬɿ ɦɢ ɬɚɤɨɠ ɧɟ ɪɨɡɝɥɹɞɚɽɦɨ, ɬɚɤ ɹɤ ɰɟ ɪɿɜɧɹɧɧɹ ɞɨɫɥɿɞɠɟɧɨ ɜ [3]. 
Ɂ ɬɨɱɧɿɫɬɸ ɞɨ ɟɤɜɿɜɚɥɟɧɬɧɨɫɬɿ ɦɧɨɠɢɧ ɨɩɟɪɚɬɨɪɿɜ Q-ɭɦɨɜɧɨʀ ɫɢɦɟɬɪɿʀ ɦɨɠɥɢɜɿ ɬɪɢ ɪɿɡɧɿ ɜɢɩɚɞɤɢ : 

1. əɤɳɨ ɤɨɨɪɞɢɧɚɬɢ ɨɩɟɪɚɬɨɪɿɜ  aQ  ɩɪɨɩɨɪɰɿɣɧɿ, ɬɨ ɦɧɨɠɢɧɚ (7) ɟɤɜɿɜɚɥɟɧɬɧɚ ɨɞɧɨɦɭ ɨɩɟɪɚɬɨɪɭ (4); 

2. əɤɳɨ 
11 12

21 22
0

B B

B B
D = ¹  ɬɨ ɦɧɨɠɢɧɚ (7) ɟɤɜɿɜɚɥɟɧɬɧɚ ɦɧɨɠɢɧɿ ɨɩɟɪɚɬɨɪɿɜ ɜɢɝɥɹɞɭ 

0 ,uQ A C
  
= ¶ +¶+ ¶

 (8)
 

ɞɟ ( , )A A x u
 
= , ( , )C C x u

 
=  –  ɞɨɜɿɥɶɧɿ ɝɥɚɞɤɿ ɮɭɧɤɰɿʀ; 

3. əɤɳɨ 0,D =  ɬɨ ɦɧɨɠɢɧɚ (7) ɟɤɜɿɜɚɥɟɧɬɧɚ ɦɧɨɠɢɧɿ ɨɩɟɪɚɬɨɪɿɜ 

1 0 ,uQ C= ¶ + ¶ 2 1 2 uQ B D= ¶ +¶ + ¶
 (9)

 

ɞɟ ( , ), ( , ), ( , )C C x u B B x u D D x u      = = – ɞɨɜɿɥɶɧɿ ɝɥɚɞɤɿ ɮɭɧɤɰɿʀ. 
ɍ ɞɚɧɿɣ ɫɬɚɬɬɿ ɞɨɫɥɿɞɠɟɧɨ Q-ɭɦɨɜɧɭ ɿɧɜɚɪɿɚɧɬɧɿɫɬɶ ɪɿɜɧɹɧɧɹ (2) ɜɿɞɧɨɫɧɨ ɿɧɜɨɥɸɬɢɜɧɨʀ ɦɧɨɠɢɧɢ ɞɜɨɯ ɨɩɟɪɚɬɨɪɿɜ (8). 

 
Ɇɟɬɨɞɢ ɞɨɫɥɿɞɠɟɧɧɹ 

ɇɚɦɢ ɜɢɤɨɪɢɫɬɨɜɭɽɬɶɫɹ ɩɨɧɹɬɬɹ ɿɧɜɚɪɿɚɧɬɧɨɫɬɿ ɪɿɜɧɹɧɧɹ ɜɿɞɧɨɫɧɨ ɨɩɟɪɚɬɨɪɿɜ Q-ɭɦɨɜɧɨʀ ɫɢɦɟɬɪɿʀ [11] ɬɚ ɜɿɞɧɨɫɧɨ 
ɿɧɜɨɥɸɬɢɜɧɢɯ ɦɧɨɠɢɧ Q-ɭɦɨɜɧɢɯ ɨɩɟɪɚɬɨɪɿɜ [21]. ɉɨɞɚɦɨ ɨɫɧɨɜɧɿ ɨɡɧɚɱɟɧɧɹ. 

Ɉɡɧɚɱɟɧɧɹ 1  [22] Ɇɧɨɠɢɧɚ ɞɢɮɟɪɟɧɰɿɚɥɶɧɢɯ ɨɩɟɪɚɬɨɪɿɜ ɩɟɪɲɨɝɨ ɩɨɪɹɞɤɭ  

1
( , ) ( , ) , 1,..., ,

n

a ai a
i i

Q x u x u a m
x u

   x h
=

¶ ¶
= + =

¶ ¶
å   (10)

 

ɧɚɡɢɜɚɽɬɶɫɹ ɿɧɜɨɥɸɬɢɜɧɨɸ, ɹɤɳɨ ɿɫɧɭɸɬɶ ɬɚɤɿ ɝɥɚɞɤɿ ɮɭɧɤɰɿʀ  ( , ),c
ab x um  , , 1,...,a b c m   = , ɳɨ  [ ]

1
, ( , ) .

m
c

a b ab c
c

Q Q x u Qm
=

= å  

Ɉɡɧɚɱɟɧɧɹ 2 [21] Ⱦɢɮɟɪɟɧɰɿɚɥɶɧɟ ɪɿɜɧɹɧɧɹ ɡ ɱɚɫɬɢɧɧɢɦɢ ɩɨɯɿɞɧɢɦɢ S ɽ Q-ɭɦɨɜɧɨ ɿɧɜɚɪɿɚɧɬɧɢɦ ɜɿɞɧɨɫɧɨ ɿɧɜɨɥɸ-

ɬɢɜɧɨʀ ɦɧɨɠɢɧɢ  ɞɢɮɟɪɟɧɰɿɚɥɶɧɢɯ ɨɩɟɪɚɬɨɪɿɜ (10), ɹɤɳɨ 

0,

0,
a

r

S M

Q S





=

=  

ɞɟ M – ɦɧɨɠɢɧɚ ɜɫɿɯ ɞɢɮɟɪɟɧɰɿɚɥɶɧɢɯ ɧɚɫɥɿɞɤɿɜ ɪɿɜɧɹɧɶ  [ ] 0,b
aQ u = ɩɨɪɹɞɨɤ ɹɤɢɯ ɹɤ ɞɢɮɟɪɟɧɰɿɚɥɶɧɢɯ ɪɿɜɧɹɧɶ ɧɟ ɩɟ-

ɪɟɜɢɳɭɽ ɩɨɪɹɞɤɭ ɪɿɜɧɹɧɧɹ S. 
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Ɉɡɧɚɱɟɧɧɹ 3 [21] Ɇɧɨɠɢɧɢ ɞɢɮɟɪɟɧɰɿɚɥɶɧɢɯ ɨɩɟɪɚɬɨɪɿɜ ɩɟɪɲɨɝɨ ɩɨɪɹɞɤɭ { }aQ Q =  ɬɚ { }aQ Q 
~ ~
=  ɧɚɡɢɜɚɸɬɶɫɹ ɟɤ-

ɜɿɜɚɥɟɧɬɧɢɦɢ, ɹɤɳɨ ɜɨɧɢ ɡɚɞɨɜɨɥɶɧɹɸɬɶ ɭɦɨɜɭ ( , ) ,Q x u Q 
~
=

 

 ɞɟ ( , )A x u=  – ɧɟɜɢɪɨɞɠɟɧɚ ɮɭɧɤɰɿɨɧɚɥɶɧɚ ɦɚɬɪɢɰɹ. 

Ɉɡɧɚɱɟɧɧɹ 4  [3] Ⱦɜɿ ɿɧɜɨɥɸɬɢɜɧɿ ɦɧɨɠɢɧɢ ɧɚɡɢɜɚɸɬɶɫɹ ɟɤɜɿɜɚɥɟɧɬɧɢɦɢ ɜɿɞɧɨɫɧɨ ɝɪɭɩɢ ɩɟɪɟɬɜɨɪɟɧɶ, ɹɤɳɨ ɿɫɧɭɽ 
ɩɟɪɟɬɜɨɪɟɧɧɹ ɡ ɝɪɭɩɢ, ɳɨ ɩɟɪɟɬɜɨɪɸɽ ɨɞɧɭ ɿɧɜɨɥɸɬɢɜɧɭ ɦɧɨɠɢɧɭ ɜ ɟɤɜɿɜɚɥɟɧɬɧɭ ɿɧɲɿɣ. 

 
ȱɧɜɨɥɸɬɢɜɧɿ ɦɧɨɠɢɧɢ ɡ ɞɜɨɯ ɨɩɟɪɚɬɨɪɿɜ Q-ɭɦɨɜɧɨʀ ɿɧɜɚɪɿɚɧɬɧɨɫɬɿ 

Ⱦɨɫɥɿɞɢɦɨ ɿɧɜɚɪɿɚɧɬɧɿɫɬɶ ɪɿɜɧɹɧɧɹ (2) ɜɿɞɧɨɫɧɨ ɦɧɨɠɢɧɢ ɨɩɟɪɚɬɨɪɿɜ (8). ɋɩɪɚɜɟɞɥɢɜɟ ɧɚɫɬɭɩɧɟ ɬɜɟɪɞɠɟɧɧɹ. 
Ɍɟɨɪɟɦɚ 3. Ɋɿɜɧɹɧɧɹ (2) ɽ Q-ɭɦɨɜɧɨ ɿɧɜɚɪɿɚɧɬɧɢɦ ɜɿɞɧɨɫɧɨ ɦɧɨɠɢɧɢ ɨɩɟɪɚɬɨɪɿɜ (8), ɹɤɳɨ  
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 (11) 

Ⱦɨɜɟɞɟɧɧɹ. ɍɦɨɜɢ Q-ɭɦɨɜɧɨʀ ɿɧɜɚɪɿɚɧɬɧɨɫɬɿ ɪɿɜɧɹɧɧɹ (2) ɜɿɞɧɨɫɧɨ ɨɩɟɪɚɬɨɪɿɜ (8) ɦɚɸɬɶ ɜɢɝɥɹɞ 

2

( ) 0, 0

0,

k
a

a

D Q u S

Q S

    

 

= =

=
 

1

0

( )
0,

c

a b

Q u

Q Q u

 



=

=  

ɞɟ 0 .S Hu u F = + D -
 
əɤɳɨ ɜɢɤɨɪɢɫɬɚɬɢ ɮɨɪɦɭɥɢ ɩɪɨɞɨɜɠɟɧɧɹ, ɞɢɮɟɪɟɧɰɿɚɥɶɧɿ ɧɚɫɥɿɞɤɢ ɪɿɜɧɹɧɶ 0,aQ u = ɩɨɪɹɞɨɤ 

ɹɤɢɯ ɧɟ ɩɟɪɟɜɢɳɭɽ ɩɨɪɹɞɤɭ ɪɿɜɧɹɧɧɹ (2), ɬɚ ɜɡɹɬɢ ɞɨ ɭɜɚɝɢ ɬɟ, ɳɨ ɮɭɧɤɰɿʀ ,A


 

,C 


– ɧɟ ɡɚɥɟɠɚɬɶ ɜɿɞ ɩɨɯɿɞɧɢɯ ɮɭɧ-

ɤɰɿʀ ,u  ɬɨ ɨɞɟɪɠɢɦɨ ɪɿɜɧɨɫɬɿ (11). 

Ɍɟɨɪɟɦɭ 3 ɞɨɜɟɞɟɧɨ. 

ɍ ɬɨɦɭ ɜɢɩɚɞɤɭ, ɤɨɥɢ  ɮɭɧɤɰɿʀ aA   ɬɚ aC ɡɚɥɟɠɚɬɶ ɬɿɥɶɤɢ ɜɿɞ ,u  ɫɢɫɬɟɦɚ ɜɢɡɧɚɱɚɥɶɧɢɯ ɪɿɜɧɹɧɶ (11) ɡɧɚɱɧɨ 

ɫɩɪɨɳɭɽɬɶɫɹ ɿ ɫɬɚɽ ɦɨɠɥɢɜɢɦ ɡɧɚɣɬɢ ʀʀ ɡɚɝɚɥɶɧɢɣ ɪɨɡɜ'ɹɡɨɤ. 
Ɍɟɨɪɟɦɚ 4. Ȼɭɞɶ-ɹɤɚ ɦɧɨɠɢɧɚ ɨɩɟɪɚɬɨɪɿɜ 

0( ) ( ) uQ A u C u
  
= ¶ +¶+ ¶   (12) 

Q-ɭɦɨɜɧɨʀ ɫɢɦɟɬɪɿʀ ɧɟɥɿɧɿɣɧɨɝɨ ɪɿɜɧɹɧɧɹ ɬɟɩɥɨɩɪɨɜɿɞɧɨɫɬɿ (2) ɚɛɨ ɽ ɟɤɜɿɜɚɥɟɧɬɧɨɸ ɦɧɨɠɢɧɿ ɨɩɟɪɚɬɨɪɿɜ ɥɿʀɜɫɶɤɨʀ 
ɫɢɦɟɬɪɿʀ ɰɶɨɝɨ ɪɿɜɧɹɧɧɹ, ɚɛɨ ɡ ɬɨɱɧɿɫɬɸ ɞɨ ɩɟɪɟɬɜɨɪɟɧɶ ɡ ɝɪɭɩɢ ɟɤɜɿɜɚɥɟɧɬɧɨɫɬɿ (5) ɬɚ ɞɨɞɚɬɤɨɜɢɯ ɩɟɪɟɬɜɨɪɟɧɶ (6) ɽ 
ɟɤɜɿɜɚɥɟɧɬɧɨɸ ɨɞɧɿɣ ɡ ɦɧɨɠɢɧ, ɹɤɿ ɧɚɜɟɞɟɧɿ ɜ ɬɚɛɥɢɰɿ 2.  

 
Tɚɛɥɢɰɹ  2. Ɉɩɟɪɚɬɨɪɢ Q – ɭɦɨɜɧɨʀ ɿɧɜɚɪɿɚɧɬɧɨɫɬɿ ɧɟɥɿɧɿɣɧɨɝɨ ɪɿɜɧɹɧɧɹ ɬɟɩɥɨɩɪɨɜɿɞɧɨɫɬɿ 

ʋ ( )H u  ( )F u  Ɉɩɟɪɚɬɨɪɢ Ɂɚɭɜɚɠɟɧɧɹ 
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læ ö
ç ÷+ç ÷
è ø

 0 u
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Q a G
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      
  

= ¶ ¶+ ¶  3
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( ) ( )G u P u
u
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ç ÷- +ç ÷
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 0 uQ a t b a G         
   
= + ¶ ¶+ ¶  32

1
( ) ( ),

1
G u P t t tg u

t
   = =
+

 

 

Ɍɭɬ a 


 b


 – ɫɬɚɥɿ ɜɟɤɬɨɪɢ ɬɚɤɿ, ɳɨ 2 2 1,a b   

= =  0,ab  


=  2 3

3P         t l lt l t l t= +  – ɞɨɜɿɥɶɧɢɣ ɦɧɨɝɨɱɥɟɧ ɬɪɟɬɶɨ-

ɝɨ ɩɨɪɹɞɤɭ ɜɿɞɧɨɫɧɨ .t  

Ⱦɨɜɟɞɟɧɧɹ. ɍ ɬɨɦɭ ɜɢɩɚɞɤɭ, ɤɨɥɢ ɮɭɧɤɰɿʀ aA  ɬɚ aC ɡɚɥɟɠɚɬɶ ɬɿɥɶɤɢ ɜɿɞ ,u  ɫɢɫɬɟɦɚ ɜɢɡɧɚɱɚɥɶɧɢɯ ɪɿɜɧɹɧɶ (11) 

ɦɚɽ ɜɢɝɥɹɞ  
1 2 2 1,u uC C C C= 1 2 2 1,u uC A C A= 2 2( ) ,a a

u u uuA A A A
 
=

 
(13) 

2 2

2
2 2 [ ( ) ] 2 [( ) ],a a a a

uu uu u u u u u
AC

A C ACA A CA A A AC H
A

      
+ + - = -

 

(14) 

2 2

2

1
2 [ ( ) ] ,

2

a a a a
u u u uu

AC
C F C F A F C C C

A

   - = - +
 

(15) 

2

2
3 2 [ ( ) ] 2 .a a a a a

u u u u uu uu
AC

C H A F A H AC AC C A ACC
A

       = + - - + +
 

(16) 
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ɉɿɫɥɹ ɿɧɬɟɝɪɭɜɚɧɧɹ ɪɿɜɧɹɧɶ (13) ɦɚɽɦɨ:  
2 1

1 ,C k C= 2 1
1 2,A k A k= + 2( ) .a

u aA m A


=
 

(17) 

ȱɧɬɟɝɪɭɜɚɧɧɹ ɨɫɬɚɧɧɶɨɝɨ ɪɿɜɧɹɧɧɹ (17) ɡɚɞɚɽ ɞɜɚ ɪɿɡɧɿ ɜɢɩɚɞɤɢ: 
a

A
u


= -  ɬɚ ,A a tg u b 

 
=  ɞɟ ,a


b

 – ɬɚɤɿ ɫɬɚɥɿ ɜɟɤ-

ɬɨɪɢ, ɳɨ 2 2 1,a b   

= =  0.ab 


=  

Ɋɨɡɝɥɹɧɟɦɨ ɩɟɪɲɢɣ ɜɢɩɚɞɨɤ, ɞɥɹ ɞɪɭɝɨɝɨ ɜɢɩɚɞɤɭ ɞɨɜɟɞɟɧɧɹ ɩɪɨɜɨɞɢɬɶɫɹ ɚɧɚɥɨɝɿɱɧɨ. ɉɿɞɫɬɚɜɢɜɲɢ 
a

A
u


= -  ɜ ɪɿ-

ɜɧɹɧɧɹ (13), ɨɞɟɪɠɭɽɦɨ ( ),C a G u
 
=  ɞɟ ( )G u – ɞɨɜɿɥɶɧɚ ɝɥɚɞɤɚ ɮɭɧɤɰɿɹ. ɉɿɫɥɹ ɩɿɞɫɬɚɧɨɜɤɢ ɮɭɧɤɰɿɣ A


 ɬɚ C


 ɜ ɪɿɜɧɹɧ-

ɧɹ (14) ɬɚ (15) ɨɬɪɢɦɚɽɦɨ  
1 2

( ),
2

uu uH G G
u

= - +   0
2

( )uF G G
u

l
= + , ɞɟ 0l – ɞɨɜɿɥɶɧɚ ɫɬɚɥɚ. ɉɿɞɫɬɚɜɢɜɲɢ ɡɧɚɣɞɟɧɿ H ɬɚ 

F ɜ ɪɿɜɧɹɧɧɹ (16), ɨɞɟɪɠɭɽɦɨ   0
4

6
.uuuG

u

l
= -  Ɂɜɿɞɤɢ ɨɫɬɚɬɨɱɧɨ ɨɬɪɢɦɭɽɦɨ ɜɢɝɥɹɞ ɮɭɧɤɰɿʀ G ɡ ɩɭɧɤɬɭ 1 ɬɚɛɥɢɰɿ 2: 

3
1

( ),G P u
u
=  ɞɟ  2 3

3 0 1 2 3( )P u l l t l t l t= + + + – ɞɨɜɿɥɶɧɢɣ ɩɨɥɿɧɨɦ ɬɪɟɬɶɨɝɨ ɫɬɟɩɟɧɹ. 

Ɍɟɨɪɟɦɭ 4 ɞɨɜɟɞɟɧɨ. 

Ʉɪɿɦ ɪɨɡɜ'ɹɡɤɿɜ ɫɢɫɬɟɦɢ (11), ɧɚɜɟɞɟɧɢɯ ɜ ɬɚɛɥɢɰɿ 2, ɦɨɠɧɚ ɡɧɚɣɬɢ ɣ ɿɧɲɿ, ɤɨɥɢ ɮɭɧɤɰɿʀ aA   ɬɚ aC 

 

ɡɚɥɟɠɚɬɶ ɧɟ 

ɬɿɥɶɤɢ ɜɿɞ .u  Ɍɚɤ, ɧɚɩɪɢɤɥɚɞ, 

( ) 2ln ,H u u=
 

 2( ) ( ),F u u ln u ln u  l= - +
 

,constl =  

1 1,A =
 

2 1A = , 1 0,C =
 

1 02 .
x x

C e u
-= -  

ȼ ɪɟɡɭɥɶɬɚɬɿ ɨɞɟɪɠɢɦɨ Q-ɭɦɨɜɧɿ ɨɩɟɪɚɬɨɪɢ 

1 0 1,Q = ¶ +¶ 1 0
2 0 2

x x
uQ e u

-= ¶ +¶ - ¶
 

(18) 

ɞɥɹ ɪɿɜɧɹɧɧɹ 
2

02 ( ).ln u u u u ln u ln u     l+ D = - +
 

(19) 

 
ɍɡɚɝɚɥɶɧɟɧɧɹ ɪɟɡɭɥɶɬɚɬɿɜ ɞɥɹ ɪɿɜɧɹɧɶ ɛɿɥɶɲɨʀ ɪɨɡɦɿɪɧɨɫɬɿ 

Ɉɞɟɪɠɭɜɚɬɢ Q-ɭɦɨɜɧɿ ɨɩɟɪɚɬɨɪɢ ɛɚɝɚɬɨɜɢɦɿɪɧɢɯ ɪɿɜɧɹɧɶ (2) ɦɨɠɧɚ ɡ ɜɠɟ ɜɿɞɨɦɢɯ ɨɩɟɪɚɬɨɪɿɜ ɥɿʀɜɫɶɤɨʀ ɚɛɨ Q-
ɭɦɨɜɧɨʀ ɫɢɦɟɬɪɿʀ ɨɞɧɨɜɢɦɿɪɧɢɯ ɪɿɜɧɹɧɶ (1) ɲɥɹɯɨɦ ʀɯ ɭɡɚɝɚɥɶɧɟɧɧɹ. ɋɩɪɚɜɟɞɥɢɜɿɫɬɶ ɡɚɫɬɨɫɭɜɚɧɧɹ ɨɞɧɨɝɨ ɡ ɬɚɤɢɯ 
ɦɟɬɨɞɿɜ ɭɡɚɝɚɥɶɧɟɧɧɹ ɞɨɜɨɞɢɬɶ ɧɚɫɬɭɩɧɚ ɬɟɨɪɟɦɚ.  

Ɍɟɨɪɟɦɚ 5. əɤɳɨ ɨɩɟɪɚɬɨɪ  

0 0 0 0( , , ) ( , , ) ( , , )Q A x B x C x     w jw j w j w j= ¶ + ¶ + ¶  (20) 

ɽ ɨɩɟɪɚɬɨɪɨɦ ɥɿʀɜɫɶɤɨʀ ɚɛɨ Q-ɭɦɨɜɧɨʀ ɿɧɜɚɪɿɚɧɬɧɨɫɬɿ (1+1 )-ɜɢɦiɪɧɨɝɨ ɪɿɜɧɹɧɧɹ 
2

0( , , , ) 0,S   w wwj j j j = 0( , ),xj j w=
 

(21) 

ɬɨ ɨɩɟɪɚɬɨɪɢ 0 0 0 0( , , ) ( , , ) ( , , ) ,uQ A x x u B x x u C x x u    
       a a a a a= ¶ + ¶+ ¶

 
ɭɬɜɨɪɸɸɬɶ ɦɧɨɠɢɧɭ ɨɩɟɪɚɬɨɪɿɜ Q-ɭɦɨɜɧɨʀ ɿɧɜɚɪɿɚɧ-

ɬɧɨɫɬɿ (1+1)- ɜɢɦɿɪɧɨɝɨ ɪɿɜɧɹɧɧɹ 

0( , , , ) 0,a aS u u u u u  D =
 (22) 

ɞɟ 0( , ),u u x x


=   ,const
a =    2( ) 1,

a =   .nx


Î  

Ⱦɨɜɟɞɟɧɧɹ. Ɍɟɨɪɟɦɚ ɞɨɜɨɞɢɬɶɫɹ ɦɟɬɨɞɨɦ ɞɨɫɥɿɞɠɟɧɧɹ ɭɦɨɜɧɨʀ ɫɢɦɟɬɪɿʀ, ɧɚɜɟɞɟɧɢɦ ɜ [11]. Ⱦɥɹ ɰɶɨɝɨ ɬɪɟɛɚ ɩɨ-

ɤɚɡɚɬɢ, ɳɨ 1 2
2

,a aQ S S Q ul l= +    ɞɟ  1l 2l  – ɞɟɹɤɿ ɞɢɮɟɪɟɧɰɿɚɥɶɧɿ ɨɩɟɪɚɬɨɪɢ. 

ɉɨɞɿɹɜɲɢ ɩɪɨɞɨɜɠɟɧɢɦ ɨɩɟɪɚɬɨɪɨɦ aQ  ɧɚ ɪɿɜɧɹɧɧɹ (22) ɿ ɜɢɤɨɪɢɫɬɚɜɲɢ ɬɨɣ ɮɚɤɬ, ɳɨ ɪɿɜɧɹɧɧɹ (21) ɽ Q-ɭɦɨɜɧɨ 

ɿɧɜɚɪɿɚɧɬɧɢɦ ɜɿɞɧɨɫɧɨ ɨɩɟɪɚɬɨɪɚ (20), ɬɨɛɬɨ 1 2
2

aQ S S Ql l j= + , ɨɞɟɪɠɭɽɦɨ 

0

1 2
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1 2
( 2 ) ( )

1
( ) 2( ) ( ).
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B
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ê= + + D + + + D + + +
êë

ù
ú+ + + - + ¶ -
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ɳɨ ɿ ɬɪɟɛɚ ɛɭɥɨ ɞɨɜɟɫɬɢ. 
ȼɢɤɨɪɢɫɬɨɜɭɸɱɢ ɬɟɨɪɟɦɭ 5, ɡ ɜɿɞɨɦɢɯ ɨɩɟɪɚɬɨɪɿɜ Q-ɭɦɨɜɧɨʀ ɿɧɜɚɪɿɚɧɬɧɨɫɬɿ (1+1)-ɜɢɦɿɪɧɨɝɨ ɪɿɜɧɹɧɧɹ ɬɟɩɥɨɩɪɨɜɿɞ-

ɧɨɫɬɿ  [6, 14] ɲɥɹɯɨɦ ɭɡɚɝɚɥɶɧɟɧɧɹ 0( , ),u x j w=  ,x
w a=  2 1

a =  ɨɞɟɪɠɭɸɬɶɫɹ ɧɨɜɿ ɨɩɟɪɚɬɨɪɢ Q-ɭɦɨɜɧɨʀ ɫɢɦɟɬɪɿʀ ɞɥɹ 
ɪɿɜɧɹɧɧɹ (2). 

Ʉɪɿɦ ɦɟɬɨɞɭ ɡɚɩɪɨɩɨɧɨɜɚɧɨɝɨ ɜ ɬɟɨɪɟɦɿ 5, ɦɨɠɧɚ ɡɚɫɬɨɫɭɜɚɬɢ ɣ ɿɧɲɿ ɦɟɬɨɞɢ, ɧɚɩɪɢɤɥɚɞ, ɹɤɳɨ ɜɢɤɨɪɢɫɬɚɬɢ ɿɧɜɚ-
ɪɿɚɧɬɧɿɫɬɶ ɪɿɜɧɹɧɧɹ (2) ɜɿɞɧɨɫɧɨ ɚɥɝɟɛɪɢ ȺɈ(3). ȼ ɬɚɛɥɢɰɿ 3 ɧɚɜɟɞɟɧɨ ɞɟɹɤɿ ɪɟɡɭɥɶɬɚɬɢ, ɳɨ ɨɬɪɢɦɚɧɿ ɬɚɤɢɦɢ ɫɩɨɫɨ-
ɛɚɦɢ. 
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Tɚɛɥɢɰɹ  3. Ɉɩɟɪɚɬɨɪɢ Q –ɭɦɨɜɧɨʀ ɫɢɦɟɬɪɿʀ  ɧɟɥɿɧɿɣɧɨɝɨ ɪɿɜɧɹɧɧɹ ɬɟɩɥɨɩɪɨɜɿɞɧɨɫɬɿ 
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ȼɢɫɧɨɜɤɢ 

Ɋɨɡɜ'ɹɡɚɧɨ ɡɚɞɚɱɭ ɡɧɚɯɨɞɠɟɧɧɹ ɿɧɜɨɥɸɬɢɜɧɢɯ ɦɧɨɠɢɧ Q-ɭɦɨɜɧɢɯ ɨɩɟɪɚɬɨɪɿɜ ɿɧɜɚɪɿɚɧɬɧɨɫɬɿ (1+2)-ɜɢɦɿɪɧɨɝɨ ɪɿɜ-
ɧɹɧɧɹ ɬɟɩɥɨɩɪɨɜɿɞɧɨɫɬɿ ɜɢɝɥɹɞɭ (8).  

Ɂɨɤɪɟɦɚ, ɡɚ ɭɦɨɜɢ, ɳɨ ɤɨɨɪɞɢɧɚɬɢ ɨɩɟɪɚɬɨɪɿɜ ɡɚɥɟɠɚɬɶ ɬɿɥɶɤɢ ɜɿɞ ɡɦɿɧɧɨʀ u , ɩɪɨɜɟɞɟɧɨ ɩɨɜɧɢɣ ɨɩɢɫ ɦɧɨɠɢɧ 

ɞɜɨɯ ɨɩɟɪɚɬɨɪɿɜ (7) Q-ɭɦɨɜɧɨʀ ɿɧɜɚɪɿɚɧɬɧɨɫɬɿ ɪɿɜɧɹɧɧɹ (2). Ɂɚ ɜɿɞɨɦɢɦɢ ɨɩɟɪɚɬɨɪɚɦɢ ɥɿʀɜɫɶɤɨʀ ɬɚ Q-ɭɦɨɜɧɨʀ ɿɧɜɚɪɿɚɧ-
ɬɧɨɫɬɿ (1+1) – ɜɢɦɿɪɧɨɝɨ ɪɿɜɧɹɧɧɹ ɬɟɩɥɨɩɪɨɜɿɞɧɨɫɬɿ ɨɬɪɢɦɚɧɨ ɨɩɟɪɚɬɨɪɢ Q-ɭɦɨɜɧɨʀ ɿɧɜɚɪɿɚɧɬɧɨɫɬɿ (1+n) – ɜɢɦɿɪɧɨɝɨ 
ɪɿɜɧɹɧɧɹ ɬɟɩɥɨɩɪɨɜɿɞɧɨɫɬɿ. 
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Ɂ ɜɢɤɨɪɢɫɬɚɧɧɹɦ ɪɿɡɧɢɰɟɜɢɯ ɦɟɬɨɞɿɜ ɞɨɫɥɿɞɠɭɽɬɶɫɹ ɩɥɨɫɤɢɣ ɧɚɩɪɭɠɟɧɢɣ ɫɬɚɧ ɬɨɧɤɨɝɨ ɤɨɦɩɚɤɬɧɨɝɨ ɡɪɚɡɤɚ ɞɥɹ 

ɜɢɡɧɚɱɟɧɧɹ ɜ'ɹɡɤɨɫɬɿ ɪɭɣɧɭɜɚɧɧɹ (ɬɪɿɳɢɧɨɜɢɬɪɢɦɧɨɫɬɿ) ɜ ɧɟɫɬɚɰɿɨɧɚɪɧɿɣ ɩɪɭɠɧɨ-ɩɥɚɫɬɢɱɧɿɣ ɩɨɫɬɚɧɨɜɰɿ ɡ ɭɪɚɯɭɜɚɧ-
ɧɹɦ ɩɿɞɪɨɫɬɚɧɧɹ ɬɪɿɳɢɧɢ ɡɚ ɧɚɜɚɧɬɚɠɟɧɧɹ, ɹɤɟ ɩɪɢɤɥɚɞɟɧɟ ɞɨ ɥɨɤɚɥɿɡɨɜɚɧɨʀ ɨɛɥɚɫɬɿ ɬɚ ɡɦɿɧɸɽɬɶɫɹ ɡ ɱɚɫɨɦ ɡɚ ɥɿɧɿɣ-
ɧɢɦ ɡɚɤɨɧɨɦ. Ɍɪɿɳɢɧɚ ɩɿɞɪɨɫɬɚɽ ɡɚ ɭɦɨɜɢ ɜɿɞɫɭɬɧɨɫɬɿ ɦɚɤɫɢɦɚɥɶɧɢɯ ɧɚɩɪɭɠɟɧɶ ɜ ɨɛɥɚɫɬɿ ɜɿɫɬɪɹ ɬɪɿɳɢɧɢ. ȼ ɪɨɥɿ ɨɫ-
ɧɨɜɧɨɝɨ ɧɟɡɚɥɟɠɧɨɝɨ ɩɚɪɚɦɟɬɪɚ ɞɥɹ ɜɢɹɜɥɟɧɧɹ ɪɨɡɜɢɬɤɭ ɩɨɥɿɜ ɧɚɩɪɭɠɟɧɶ, ɞɟɮɨɪɦɚɰɿɣ, ɩɚɪɚɦɟɬɪɚ Ɉɞɤɜɿɫɬɚ, ɩɪɭɠɧɢɯ 
ɿ ɩɥɚɫɬɢɱɧɢɯ ɫɤɥɚɞɨɜɢɯ ɟɧɟɪɝɿʀ ɞɟɮɨɪɦɚɰɿʀ ɬɚ ɿɧɲɢɯ ɜɟɥɢɱɢɧ ɜɢɛɪɚɧɨ ɪɨɡɪɚɯɭɧɤɨɜɟ ɡɧɚɱɟɧɧɹ ɤɨɟɮɿɰɿɽɧɬɚ ɿɧɬɟɧɫɢɜɧɨ-
ɫɬɿ ɧɚɩɪɭɠɟɧɶ ɛɿɥɹ ɬɪɿɳɢɧɢ ɭ ɫɬɚɬɢɱɧɿɣ ɡɚɞɚɱɿ ɞɥɹ ɩɪɭɠɧɨ ɞɟɮɨɪɦɨɜɚɧɨɝɨ ɤɨɦɩɚɤɬɧɨɝɨ ɡɪɚɡɤɚ. ȼɢɹɜɥɟɧɿ ɨɫɨɛɥɢɜɨɫ-
ɬɿ ɡɦɿɧɢ ɧɚɩɪɭɠɟɧɶ ɩɪɢ ɞɨɫɹɝɧɟɧɧɿ ɡɝɚɞɚɧɢɦɢ ɤɨɟɮɿɰɿɽɧɬɚɦɢ ɿɧɬɟɧɫɢɜɧɨɫɬɿ ɧɚɩɪɭɠɟɧɶ ɩɟɜɧɢɯ ɤɪɢɬɢɱɧɢɯ ɡɧɚɱɟɧɶ.  

On the base of developed method of solving problems of planar stress state in non-stationary plastic-elastic model the prob-
lem of crack cleavage was solved when non-stationary pressure is applied. The non-stationary pressure time dependence is lin-
ear and area of that pressure has not changed. The crack is growing when maximal stresses in the area of top of crack are ab-
sent. There were determined dependences of plastic and elastic deformation energies and areas of plastic deformations for dif-
ferent values of stress intensity.    

 

1. ȼɫɬɭɩ 
ɍ ɩɪɚɰɹɯ ȼ.ȱ.Ɇɚɯɧɟɧɤɚ [7, 8] ɡɚɩɪɨɩɨɧɨɜɚɧɨ ɞɥɹ ɚɧɚɥɿɡɭ ɩɪɨɰɟɫɿɜ ɪɭɣɧɭɜɚɧɧɹ ɡɚɫɬɨɫɭɜɚɬɢ ɩɨɪɹɞ ɿɡ ɟɤɫɩɟɪɢɦɟɧ-

ɬɚɥɶɧɢɦɢ ɬɚɤɨɠ ɿ ɪɨɡɪɚɯɭɧɤɨɜɿ ɦɟɬɨɞɢ ɿɡ ɜɢɤɨɪɢɫɬɚɧɧɹɦ ɤɜɚɡɿɫɬɚɬɢɱɧɨʀ ɩɪɭɠɧɨ-ɩɥɚɫɬɢɱɧɨʀ ɦɨɞɟɥɿ ɦɚɬɟɪɿɚɥɭ. ɐɿ ɪɟ-
ɡɭɥɶɬɚɬɢ ɭɡɚɝɚɥɶɧɟɧɨ ɭ [1–4], ɞɟ ɜɢɡɧɚɱɚɥɶɧɿ ɫɩɿɜɜɿɞɧɨɲɟɧɧɹ ɞɥɹ ɩɪɭɠɧɨ-ɩɥɚɫɬɢɱɧɨɝɨ ɞɟɮɨɪɦɭɜɚɧɧɹ ɩɨɽɞɧɚɧɨ ɿɡ 
ɞɢɧɚɦɿɱɧɢɦɢ ɪɿɜɧɹɧɧɹɦɢ ɭ ɩɪɢɩɭɳɟɧɧɿ, ɳɨ ɬɪɿɳɢɧɚ ɽ ɧɟɪɭɯɨɦɨɸ. Ɂɚɩɪɨɩɨɧɨɜɚɧɿ ɦɨɞɟɥɿ ɞɚɥɢ ɦɨɠɥɢɜɿɫɬɶ ɿɫɬɨɬɧɨ 
ɩɿɞɜɢɳɢɬɢ ɪɿɜɟɧɶ ɚɞɟɤɜɚɬɧɨɫɬɿ ɨɬɪɢɦɚɧɢɯ ɬɟɨɪɟɬɢɱɧɢɯ ɩɿɞɯɨɞɿɜ, ɨɞɧɚɤ ʀɯɧɽ ɡɚɫɬɨɫɭɜɚɧɧɹ ɦɨɠɧɚ ɜɜɚɠɚɬɢ ɤɨɪɟɤɬɧɢɦ 
ɥɢɲɟ ɭ ɪɚɡɿ ɩɨɜɿɥɶɧɨɝɨ ɩɿɞɪɨɫɬɚɧɧɹ ɬɪɿɳɢɧɢ.  

ɍ ɰɶɨɦɭ ɞɨɫɥɿɞɠɟɧɧɿ ɦɟɬɨɞɢɤɚ ɩɪɚɰɿ [3] ɩɨɲɢɪɟɧɚ ɧɚ ɬɨɣ ɜɢɩɚɞɨɤ, ɤɨɥɢ ɬɪɿɳɢɧɚ ɞɢɧɚɦɿɱɧɨ ɩɪɨɫɭɜɚɽɬɶɫɹ ɭ ɩɪɭɠ-
ɧɨ-ɩɥɚɫɬɢɱɧɨɦɭ ɡɪɚɡɤɭ ɩɿɫɥɹ ɣɨɝɨ ɞɢɧɚɦɿɱɧɨɝɨ ɧɚɜɚɧɬɚɠɟɧɧɹ.  

 

2. Ɇɚɬɟɦɚɬɢɱɧɟ ɮɨɪɦɭɥɸɜɚɧɧɹ ɡɚɞɚɱɿ 
Ɋɨɡɝɥɹɞɚɽɬɶɫɹ ɞɟɮɨɪɦɭɜɚɧɧɹ ɤɨɦɩɚɤɬɧɨɝɨ (ɛɚɥɤɨɜɨɝɨ) ɡɪɚɡɤɚ ɭ ɮɨɪɦɿ ɩɪɹɦɨɤɭɬɧɢɤɚ L BΣ = ´  ( / 2 / 2L x L- £ £ ; 

0 y B£ £ ) ɡ ɩɪɨɩɢɥɨɦ-ɬɪɿɳɢɧɨɸ ɩɨɱɚɬɤɨɜɨʀ ɞɨɜɠɢɧɢ 0l l=  ɭɡɞɨɜɠ ɜɿɞɪɿɡɤɚ { 0x = ; 00 y l£ £ } ɿ ɤɨɧɬɚɤɬɭɽ ɡ ɞɜɨɦɚ 

ɧɟɪɭɯɨɦɢɦɢ ɨɩɨɪɚɦɢ ɭɡɞɨɜɠ { * *L x L a£ £ + ; 0y = }. Ɍɨɜɳɢɧɚ w  ɡɪɚɡɤɚ ɜɜɚɠɚɽɬɶɫɹ ɧɚɫɬɿɥɶɤɢ ɜɟɥɢɤɨɸ, ɳɨɛ ɦɨɠɧɚ 

ɛɭɥɨ ɜɢɤɨɪɢɫɬɨɜɭɜɚɬɢ ɡɚɥɟɠɧɨɫɬɿ ɩɥɨɫɤɨɝɨ ɞɟɮɨɪɦɨɜɚɧɨɝɨ ɫɬɚɧɭ (ı const,zz =  ı 0,xz =  ı 0yz = ). 

Ɂɜɟɪɯɭ ɧɚ ɬɿɥɨ ɩɚɞɚɽ ɚɛɫɨɥɸɬɧɨ ɠɨɪɫɬɤɢɣ ɭɞɚɪɧɢɤ, ɳɨ ɤɨɧɬɚɤɬɭɽ ɭɡɞɨɜɠ ɜɿɞɪɿɡɤɚ { x A£ ; y B= }. Ƀɨɝɨ ɞɿɸ ɧɚ ɬɿ-

ɥɨ ɡɚɦɿɧɢɦɨ ɪɿɜɧɨɦɿɪɧɨ ɪɨɡɩɨɞɿɥɟɧɢɦ ɜ ɨɛɥɚɫɬɿ ɤɨɧɬɚɤɬɭ ɧɨɪɦɚɥɶɧɢɦ ɧɚɩɪɭɠɟɧɧɹɦ P- , ɳɨ ɡɦɿɧɸɽɬɶɫɹ ɡ ɱɚɫɨɦ ɹɤ 
ɥɿɧɿɣɧɚ ɮɭɧɤɰɿɹ 01 02P p p t= + . Ɂ ɨɝɥɹɞɭ ɧɚ ɫɢɦɟɬɪɿɸ ɩɪɨɰɟɫɭ ɞɟɮɨɪɦɭɜɚɧɧɹ ɜɿɞɧɨɫɧɨ ɥɿɧɿʀ 0x =  ɞɚɥɿ ɪɨɡɝɥɹɞɚɽɬɶɫɹ 

ɥɢɲɟ ɩɪɚɜɚ ɱɚɫɬɢɧɚ ɩɨɩɟɪɟɱɧɨɝɨ ɩɟɪɟɪɿɡɭ (ɪɢɫ. 1a). ȼɜɚɠɚɬɢɦɟɦɨ, ɳɨ ɦɚɬɟɪɿɚɥ ɽ ɩɪɭɠɧɨ-ɩɥɚɫɬɢɱɧɢɦ ɿɡ ɡɦɿɰɧɟɧɧɹɦ, 
ɩɪɢɱɨɦɭ ɪɨɡɪɚɯɭɧɨɤ ɩɨɥɿɜ ɧɚɩɪɭɠɟɧɶ, ɞɟɮɨɪɦɚɰɿɣ ɬɚ ʀɯɧɿɯ ɩɪɢɪɨɫɬɿɜ, ɡɨɤɪɟɦɚ ɣ ɩɪɢɪɨɫɬɿɜ ɿɧɬɟɧɫɢɜɧɨɫɬɿ ɩɥɚɫɬɢɱɧɢɯ 
İp

id , ɚ ɬɚɤɨɠ ɩɚɪɚɦɟɬɪɚ Ɉɞɤɜɿɫɬɚ ț İp
id=ò  ɛɭɞɟɦɨ ɧɢɠɱɟ ɡɞɿɣɫɧɸɜɚɬɢ ɧɚ ɨɫɧɨɜɿ ɱɢɫɥɨɜɨɝɨ ɪɨɡɜ'ɹɡɭɜɚɧɧɹ ɜɿɞɩɨɜɿɞ-

ɧɨʀ ɞɢɧɚɦɿɱɧɨʀ ɩɪɭɠɧɨ-ɩɥɚɫɬɢɱɧɨʀ ɡɚɞɚɱɿ. ɉɪɢ ɡɞɿɣɫɧɟɧɧɿ ɪɨɡɪɚɯɭɧɤɿɜ ɜɢɤɨɪɢɫɬɚɽɦɨ ɜɿɞɨɦɿ ɦɟɬɨɞɢɤɢ ɞɨɫɥɿɞɠɟɧɧɹ 
ɤɜɚɡɿɫɬɚɬɢɱɧɨʀ ɩɪɭɠɧɨ-ɩɥɚɫɬɢɱɧɨʀ [7, 8] ɦɨɞɟɥɿ, ɳɨ ɜɪɚɯɨɜɭɸɬɶ ɧɟɫɬɚɰɿɨɧɚɪɧɿɫɬɶ ɧɚɜɚɧɬɚɠɟɧɧɹ ɿ ɡɚɫɬɨɫɨɜɭɸɬɶ ɱɢɫ-
ɥɨɜɟ ɿɧɬɟɝɪɭɜɚɧɧɹ, ɡɪɟɚɥɿɡɨɜɚɧɟ ɜ ɪɨɡɪɚɯɭɧɤɭ ɞɢɧɚɦɿɱɧɨʀ ɩɪɭɠɧɨʀ ɦɨɞɟɥɿ [11]. ɉɪɢ ɪɨɡɪɚɯɭɧɤɭ ɞɢɧɚɦɿɱɧɢɯ ɩɨɥɿɜ ɧɚ-
ɩɪɭɠɟɧɶ ɿ ɞɟɮɨɪɦɚɰɿɣ ɧɟ ɜɪɚɯɨɜɭɽɦɨ ɜɡɚɽɦɨɞɿʀ ɯɜɢɥɶɨɜɢɯ ɩɨɥɿɜ, ɜɿɞɛɢɬɬɹ ɜɿɞ ɦɟɠɿ ɬɿɥɚ ɿ ɦɨɠɥɢɜɨʀ ɩɪɢ ɰɶɨɦɭ ɤɨɧɬɚɤ-
ɬɧɨʀ ɜɡɚɽɦɨɞɿʀ ɦɿɠ ɛɟɪɟɝɚɦɢ ɪɨɡɪɿɡɭ. 

Ɋɨɡɝɥɹɞɚɸɬɶɫɹ ɪɿɜɧɹɧɧɹ ɩɥɨɫɤɨʀ ɞɢɧɚɦɿɱɧɨʀ ɬɟɨɪɿʀ, ɞɥɹ ɹɤɨʀ ɤɨɦɩɨɧɟɧɬɢ ɜɟɤɬɨɪɚ ɡɦɿɳɟɧɶ ( , )x yu uu =  ɩɨɜ'ɹɡɚɧɿ ɡ 
ɤɨɦɩɨɧɟɧɬɚɦɢ ɬɟɧɡɨɪɚ ɞɟɮɨɪɦɚɰɿɣ ɫɩɿɜɜɿɞɧɨɲɟɧɧɹɦɢ Ʉɨɲɿ, ɚ ɪɿɜɧɹɧɧɹ ɪɭɯɭ ɫɟɪɟɞɨɜɢɳɚ ɝɭɫɬɢɧɨɸ ȡ  ɦɚɸɬɶ ɜɢɝɥɹɞ 
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2

ıı ȡ ,
xyxx xu

x y t

¶¶ ¶
+ =

¶ ¶ ¶
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2

ı ı
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x y t

¶ ¶ ¶
+ =

¶ ¶ ¶
. 

Ʉɪɚɣɨɜɿ ɭɦɨɜɢ ɡɚɞɚɱɿ, ɹɤɿ ɜɪɚɯɨɜɭɸɬɶ ɡɦɿɧɭ ɞɨɜɠɢɧɢ ɬɪɿɳɢɧɢ, ɨɞɧɚɤ ɜɢɯɨɞɹɬɶ ɿɡ ɩɪɢɩɭɳɟɧɧɹ ɩɪɨ ɧɟɡɦɿɧɧɿɫɬɶ ɨɛ-
ɥɚɫɬɿ ɩɪɢɤɥɚɞɚɧɧɹ ɪɟɚɤɰɿʀ, ɪɨɡɬɚɲɭɜɚɧɧɹ ɨɩɨɪ, ɚ ɬɚɤɨɠ ɜɢɡɧɚɱɟɧɧɹ ɨɩɨɪɧɢɯ ɪɟɚɤɰɿɣ ɡɚ ɞɨɩɨɦɨɝɨɸ ɦɟɬɨɞɿɜ ɫɬɚɬɢɤɢ, 
ɡɚɩɢɲɭɬɶɫɹ ɬɚɤ: 

 
 

Ɋɢɫ. 1. Ƚɟɨɦɟɬɪɢɱɧɚ ɫɯɟɦɚ ɡɚɞɚɱɿ (a) i ɫɿɬɤɚ ɪɨɡɛɢɬɬɹ ɛɿɥɹ ɜɿɫɬɪɹ ɬɪɿɳɢɧɢ (ɛ) 
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