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ONMEPATOPU Q-YMOBHOI IHBAPIAHTHOCTI HENIHINHUX PIBHAHb TENNONPOBIAHOCTI

HocnidxeHo Q-ymoeHy cumempito HeniHiliHUX pieHAHb mernonpoeioHocmi 8i0HOCHO iH8O/IFOMUBHUX MHOXUH 080X ornepa-
mopie. 3HalideHo Hoegi iH8OIFOMUBHI MHOXXUHU 3 380X orepamopie 8i0HOCHO sIKUX Ui pieHSIHHS € Q-YMOBHO iHeapiaHmMHuUMuU.

Q-conditional symmetry of equations of nonleanar heat equations with respect to an involute set consisting of two operators
was investigated. The new involutes set consisting of two operators Q-conditional symmetry of equations of this class was find.

BeTyn

MpuHUMNM cumeTpii BigirpaloTe yHAAMEHTANbHY POSb Y NPUPOAO3HABCTBI. 3akoHM 30epexeHHs1 eHeprii, iMnynbey,
MOMEHTY KIiNbKOCTi pyxXy € HacrnigkoM OOHOPIAHOCTI, i30TPOMHOCTI YOTUPMBUMIPHOIO NpocTopy-4acy. o BigHOLWEHHIo A0
OndepeHLuianbHNX PiBHSAHb, CUMETPI0 MOXHA TaKOX po3rnsgaTi SK NPUHUMA, 3a AOMNOMOIOK SIKOrO i3 HaMpi3HOMAaHITHILLIMX
FOriYHO OOMYCTUMUX MOZEenen (piBHSHb, CMiBBIAHOWEHb) BiAOUparTbCsa TiNbKX Ti, KOTPi BOMOAiIOTb LLUMPOKOK CUMETPIELD.
Lle nos'a3zaHo, nepLu 3a BCe, 3 TUM, LLIO OCHOBHI (Di3W4YHI 3aKOHU, PIBHAHHSA pyXy, pPi3Hi MaTemMaTuyHi Moaeni BonodiloTb sB-
HOK Y/ YMOBHO, FEOMETPUYHOI YN HEFEOMETPUYHOI, NMOKaNbHOK YM HENOKANbHOK CUMETPISIMU. YCi OCHOBHI PIiBHSIHHS
mMaTemMaTunyHoI ismkn (piBHAHHS HbloToHa, Jlannaca, g'Anambepa, LWWpepinrepa, Jliysinns, Oipaka, Makceena i 1.4.) iHBapi-
aHTHI BIAHOCHO OOCTaTHLO LUMPOKMX rpyn nepeTBopeHb. Came ua BNacTuMBICTb BUAINSE iX i3 MHOXWHU iHWMX AndepeHuia-
NbHUX piBHAHb. OOHUMK 3 TakMX PiBHSAHb € HEMiHiViHI PIBHSHHA TEMMONPOBIAHOCTI, SKi BHACNIAOK CBOrO LUMPOKOro 3acToCy-
BaHHSA € LikaBMM 06'€eKTOM JOCnimKeHHs 6araTbox HayKoBUiB. 3adayeto JOCHiAKEHHSI CUMETPINHUX BNACTUBOCTEN MiHINHO-
ro piBHSIHHA TennonpoBsigHocTi 3amaBcs wWwe Codyyc Jli. Ha npuknagi niHinHoro piBHAHHA TennonposigHocTi k. BriymeH i
1.0. Koyn [12] BBENM NOHATTS HEKMACUYHOI CMMETPIl AudepeHuianbHUX PiBHSHDL.

BusBnseTbes, WO € Uini Knacu piBHSAHb, WO LUMPOKO 3aCTOCOBYIOTLCS MPU ONUCaHHI KOHKPETHUX (Di3UYHMX MPOLIECiB, SAKi
He BONOAitoTb NiiBCbKOO CMMETPIEID, a Lie o3Hadvae, Wwo Mmetog Jli Ang HUX € ManoedekTMBHUM. | TOMy akTyarnbHOW cTana
3agaya ysaranbHutu metopa Ji 3 meToo NobyaoBM MPUHLMNOBO HOBMX aH3auiB i TOYHMX PO3B'A3KiB, SKi HE MOXYTb ByTu
oTpuMaHi ctaHgapTHum anroputMom Jli. B 1969 poui k. Bnymen ta I.[0. Koyn B [12] BBENWN NOHATTA HEKNACUYHUX CUMET-
pivi 4N NoLyKy HOBMX aH3aLiB i TOYHMX po3B'aA3KiB. [poaoBxXeHHA po3BUTKY ifen bnymeHa i Koyna cnocrepiraetbcs B npa-
usax Oneepa T1a PoseHay [18, 19], B.l. dywuua i I.M. Uudppm [15]. Ha ocHoBi umx gocnimkeHb B npausix B.l. ®ywnya,
B.I. Yonuka i M.l. Ceposa [5, 11, 9, 10] 6yno po3pobneHo HOBUI MeTOA, 3HAXOMKEHHS CUMETPIN, KU OTpUMaB Ha3By Me-
TOA, YMOBHOI CUMETPIi. 3a 4ONOMOroK LibOro MeToy MOXHa ofepxaTu Taki NiAMHOXUHM PO3B'A3KiB AndepeHLianbHUX piB-
HSHb, CUMETPIS AKMX LIMpLUa, a iHOAI i 30BCIM BiApPI3HSAETLCS, Bif CUMETPIl BCIET MHOXMHWN po3B'A3kiB. PesynsTatn gocni-
OXeHb YMOBHOI CMMETPIi AesKNX KOHKPETHUX PiBHAHbL NpeacTasneHi B [6, 10, 14, 17].

3apava pocnigxkeHHss Q-yMOBHOI cMMeETPIi PiBHAHHA TennonpoBigHOCTI po3rngganaca baratema asTopamu. Tak, Q-
YMOBHY iHBapiaHTHICTb NiHINHOrO OAHOBUMIPHOIO PIBHSAHHA TennonposigHocTi BuBYeHo B [13, 20]. 3agayy npo Q-ymOBHY
CUMETPIO NIHIMHOIO N-BUMIPHOrO PiBHSIHHSI TEMONPOBIAHOCTI po3B'a3aHo B [3]. B [4, 6, 7, 8, 14, 9] gocniopkeHo yMOBHY Ta
Q-yMOBHY CMMETPIit0 OOHOBUMIPHUX (1+1) HENIHINHMX PiBHAHb TENNONPOBIAHOCTI

H(u)ug +uq4 = F(u). (1)
Lis ctatTa npucesdeHa gocnimxkeHHIo Q-yMOBHOI cMMeTPIi HeMiHIMHUX (1+2)-BUMIpHUX PIBHSAHb TENMOMPOBIAHOCTI:
H(u)ug +Au = F(u), (2)

ae u=u(x)e R' x :(xo,;(), x e R?, H(u) ta F(u) — poBinbHi rmaaki dyHkuii. Byab-ske piBHSAHHA (2) 3a fonomoroko 3a-
MiHu U — [H(u)du moxHa npuBecTv 4O BUrMSAY
g +V(g(u)Vu) =f(u), (3)
ae g(u) Ta f(u) sanucytoTbesa vepes H(u) Ta F(u).
Q-yMOBHyY cumeTpito piBHAHb (3) BiAHOCHO onepaTopa
Q= A(x,u)0, +B2(x, u)o4 +C(x,u)d,, (4)
BMBYEHO B [2], Ae npoBeAeHO NOBHWIA onuc onepaTtopiB (4), BiGHOCHO Akux 3a yMoBuU H(u) == 0 piBHSIHHS (2) € Q-yMOBHO
iHBapiaHTHUMUK. B [2] nogaHo pe3ynbTaTy BUYEPNHOI rpynoBoi Knacudikauii B Knaci piBHsIHb (2) 3 TOYKM 30py NepeTBOpeHb
eKBiBanNeHTHOCTI, Lo HaBeaeHi B TeopeMi 1.
Teopema 1 MakcumanbHOW noKanbHOW rpynod G~ TOYKOBMX NEPETBOPEHb EKBIBANEHTHOCTI PIBHSAHDb (2) € rpyna, wo
CKIagaeTbCsl 3 NepeTBOPEHb
Xo = PoXo + a0, Xa = PiYapXp + g U—> foli+a3,
H — by 2H, F— o, °F,
ne foflo =0, >0, ¢, yap—0cTani, (y5,)<0(2), a, b=12, 1=0,3.
BukopucToBytoum pesynbtatn npaub [1, 16, 2] ansa piBHAHb (3), nogamMo pesynbTaTh rpynoBoi knacudikauii y Burnagi
HaCTYMNHOI TeopeMu.
Teopema 2 [Insa 6yab-Akmx 3Ha4YeHb OyHKUiM H(u) Ta F(u) 3 TOYHICTIO 4O rpynu ekBiBaneHTHOCTI (5) rpynoBa knacudi-
Kauist HeMiHiNHWX PiBHSHb (2) BU4EPNHO ONMCYETHCHA BUNagKkamu, WO HaBedeHi B Tabnuui 1.
3aysaxkeHHs. 3a3Ha4YMMO TaKoX, LLO NOKaNbHUMW NepeTBOPEHHAMN

®)

xoaikeiokxo, u - e’0%y Ta x, a—%e’ﬁoxo, u—u-7JyXg (6)
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PiBHSAHHS uKug +Au = Jguk*!

+Au, ey +Au=ipe” + 4 3BOAATLCS, BiQMOBIAHO, [o PiBHSHb
ukug +Au=u, eYug+Au=A.

Tomy B Tabnuui 1 BunagkM, WO MawTb OAWH HOMEP 3BOAATLCS OOMH [0 [Apyroro, a came
3a—>3(k=1,m=0),4a—>4(m=1),6a—>6, 7Ta—>7.

Ta6nuys 1. NiiBcbka cumeTpiA HeniHIMHOro PiBHAHHSA TENIONPOBIAHOCTI

Ne | H(u) F(u) NiiBcbka cumeTpin 3ayBaxeHHs

1] Vv 4 A=(8g, &1, 12 = X409 — XpO1)

2 A4 0 A+(D =2x00q + X503)

3 oku 2emu A+(Dy1=2(m-Kk)xgOg + mxz04 - 20,) m ==k

3a | e oY + 4 A+(Dy =0 (54 + Jgd, ) A0

4 uk aum A+(Dy =2(m -k -1)xgOq + (M -1)x,0, - 2ud ;) (k,m)==(0,0), m==k +1
4a | gk | Ut s auF A +(Dg = e %R0 (54 - jgud, ) A0

5 1 Aulnu A+e™0(a, +§xau8u), e**oup,)

6 | uk 0 A+(D, D3 = kx,05 - 2ud,,) k=0
6a | uk Jguk! A+(D3, Ds) k=0

’ e’ 0 (80, %00 + By, E2(X)04 - 2518y) g+d-04-25
ra] & A" A+(Dy, €8(X)0, -250,) dicf -0 -2

Tyt 10, mk—crani, Ae{-11modG~. Y Bunagky 3 ctana k € {0;1ymod G~ ta m e {0;1ymodG™.Y Bunagkax 1 Ta
2, HaBefieHi anrebpun € MakcMmanbsHUMU, SKLLO PIBHSIHHS HE € EKBIBANEHTHUM PiBHAHHAM, HaBe4EHUM Y Bunagkax 3 — 7.

Po3sB'sxkemMo 3agayy: gocnigutv Q-ymOBHY iHBapiaHTHICTb HEMiHIMHNX PIBHAHb TEMMONPOBIAHOCTI BiAHOCHO iHBOMIOTU-
BHOI MHOXWHW BOX onepaTopiB

a ab a
Q, = A%(x,u)0q + B (x,u)0,, +C%(x,u)o, (7)
ne AB? C, A% B C? — posinbHi rnaaki dyHKLT CBOIX apryMeHTiB, a, b = 12.

Ockinbkn Byap-skuiA onepaTop NiiBCbKOI iHBapiaHTHOCTI € Takox onepaTtopoM Q-yMOBHOI iHBapiaHTHOCTI, 3 iHWOro Goky
JocnigpkeHHs 6yae NnpoBoaMTMCS 3 TOUKM 30pY NEPETBOPEHb EKBIBANEHTHOCTI, TOMY LUyKaeMO onepatopy Q-yMOBHOI iHBapia-
HTHOCTI, SIKi HE € eKBiBaneHTHUMM NiIBCbKMM. 3as3HaumMmo, Lo dyHKUiT H(u) Ta F(u) , npu AKX piBHAHHS (2) 3BOAATLCA NoKa-
NbHOO 3aMiHOK0 A0 NIHIMHOIO PIBHAHHSA TEMMNONPOBIAHOCTI MU TAKOX HE PO3rNSAAAEMO, TaK AK Lie PiBHAHHS AocnigpkeHo B [3].

3 TOYHICTIO A0 eKBiBaANEHTHOCTI MHOXWH onepaTtopiB Q-yMOBHOT CUMETPIT MOXNUBI TPY Pi3Hi BUNaaKu :

1. Akwo koopamHaTt onepatopis Q, NPOMOPLIHI, TO MHOXWHA (7) ekBiBaneHTHa ofHOMY onepaTopy (4);

1 gi2

2. Axkwo A= == 0 TO MHOXMHa (7) ekBiBaneHTHa MHOXWHI onepaTopis BUrMagy

B2! p22
o o Q=A0y+0+Co,, (8)
ne A=A(x,u), C=C(x,u) — DOBIinNbHi rmaaki dyHKLT;
3. Axkwo A =0, To MHOXWHA (7) eKBiBaneHTHa MHOXMHI onepaTopis
Q1 :60 +Cau, Qz :BG1+82 +D6u (9)
ae C=C(x,u), B=B(x,u), D= D(x,u)— poBinbHi rnagki QyHKLiT.
Y AaHin ctatTi gocnigXeHo Q-yMOBHY iHBapiaHTHICTb PiBHAHHS (2) BiGHOCHO iHBOMIOTMBHOI MHOXMWHM OBOX onepaTopis (8).

MeToau pocnigxeHHs
Hamu BMKOPUCTOBYETBLCA NOHATTS iHBAPiaHTHOCTI PiBHAHHA BiAHOCHO onepatopiB Q-yMoBHOI cumeTpii [11] Ta BigHOCHO
iHBOMIOTUBHMX MHOXUH Q-yMOBHKX onepatopiB [21]. lMogamMmo 0CHOBHi 03HaY€EHHS.
O3HauveHHs 1 [22] MHOXMHa gudbepeHLianbHMX onepaTopiB NepLUOro NOpsiAKy

Q —%e;-(xu)i+ (xu)3 a=1...m
@  ox Tat % 5y B

(10)
m

Ha3MBaETLCS iIHBOMIOTMBHOM), AKLLO iCHYHOTb TaKi rmagki oyHKUiT /ng(x,u), a,b,c=1...,m, wo [Qa,Qb] =X /ng(x,u)QC.
c=1

O3HauveHHs 2 [21] AndepeHLianbHe piBHSAHHS 3 YaCTUHHUMM NoxXigHUMKU S € Q-yMOBHO iHBapiaHTHUM BiZHOCHO iHBOSMIO-

Q,S
TUBHOI MHOXWHWN AndepeHLuianbHux onepartopis (10), akwo =0,

S=0,M
ae M — MHOXMHa BCix gudepeHuianbHnX Hacnigkis piBHAHb Qa[ub]:O, nopsaokK AKX AK andpepeHuianbHUX PiBHAHb He ne-
peBuLLyE NOPSAAKY PiBHAHHA S.
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O3HaueHHsA 3 [21] MHOXUHM gudepeHLianbHUX onepaTopis nepLoro nopsgky Q={Q,} Ta Q={Q,} HasuBaTbCS ek-

BiBaNeHTHVMMMU, SKLLO BOHM 3a40BONbHATL YMOBY Q= A(X,u)Q, Oe A= A(X,u) — HeBUpomKeHa (PyHKLiOHanbHa MaTpuLs.

O3HayeHHs 4 [3] [IBi iHBONIOTUBHI MHOXWHN Ha3MBaIOTLCH EKBiBANEHTHUMM BiGHOCHO rPynu NepeTBOPEHb, SKLO iCHYE
nepeTBOPEHHS 3 rPyni, LLIO NepeTBOPIOE OAHY iIHBOMIOTUBHY MHOXWHY B €KBiBaNEHTHY iHLUIN.

IHBONIOTUBHI MHOXWHM 3 ABOX onepaTopiB Q-yMOBHOI iHBapiaHTHOCTI
Hocnignmo iHBapiaHTHICTb PiBHAHHS (2) BiGHOCHO MHOXWHM onepaTopis (8). CnpaBeanuBe HAaCTyNHE TBEPAXKEHHS.
Teopema 3. PiBHsAHHSA (2) € Q-yMOBHO iHBapiaHTHMM BiZHOCHO MHOXWHW onepaTopiB (8), AKwo
AL(A2) = A2AD

uu»
c'c2 +c2+ Alcg = c2c] +Ch + ACY,
C'AZ + A7 + ATAS = C?A] + A + AA],

b
A?C2 1 2APAZ 1 2ACAZ, +2(AR +CPAZ )AL —%(2\2 )ul-2A2[(AC), + AL —H] =0, (11)
A
C?H - ABH = 3AZF - 2CPAZ + 2ACP —2A2AL -
2Ab

NH - AZ + (Az) -(AC),

- AC,]+MA% +2CPAZ +C2A2, +2APC?,  +2ACCE

uu»

a,b,d=12.

uu

C?F -C2F = CgH +(A? +CbAﬁ){2_AZ(F -c§ -%(62 )y +ACy)- 2C€}+AC6 +2ctcg, +c?ca
A

[oBeaeHHA. YMoBU Q-yMOBHOI iHBapiaHTHOCTI PiBHAHHSA (2) BiAHOCHO onepatopis (8) MatoTb BUINSA
Qa S Qa(Qbu)
2 1

D¥(Q,u)=0,S=0 Qu=0

ne S=Hug+Au-F. Akuwo sukopuctati hopmMynu NpoaoBXeHHs, AudiepeHLianbHi Hacniakm pisHAHb Quu =0, nopsAaok
AKNX He NepeBuLLYE NOPSAKY PiBHAHHS (2), Ta B3STU 0 yBaru Te, Wwo yHKLiT A, C, H- He 3anexartb Bia NOXiaHUX yH-
Kuii u, TO ogepxunmo pisHocTi (11).

Teopemy 3 foBeaeHo.

Y ToMy Bunaaky, konu yHkuii A? Ta C? 3anexaTb TiNbkW Bi U, CUCTEMA BM3HAYanbHUX PiBHSHL (11) 3HAYHO

CMPOLLYETHCS | CTAaE MOXIMBUM 3HAWTU i 3aranbHUN pO3B'sA30K.
Teopema 4. Byab-sika MHOXMHa onepaTopiB

Q=A(u)dy+0+C(u)o, (12)
Q-yMOBHOI CUMETPIi HEMIHIMHOro PiIBHAHHS TEMMONPOBIAHOCTI (2) abo € ekBiBaNeHTHOK MHOXWHI OnepaTopiB MiiBCbKOT

CUMETPIi LUbOro piBHSAHHA, ab0o 3 TOYHICTIO JO NEPETBOPEHb 3 IPynM eKBiBaneHTHOCTI (5) Ta 4OAATKOBUX NepeTBOpeEHDb (6) €
eKBiBaneHTHO OAHIN 3 MHOXWH, AIKi HaBedeHi B Tabnuui 2.

Ta6nuys 2. OnepaTtopu Q — yMOBHOI iHBapiaHTHOCTi HeNiHIMHOro PiBHAHHA TENNONPOBIAHOCTI

Ne

H(u)

F(u)

OnepaTtopu

3ayBaxeHHsA

1 -[@ +1Guu] G(Gu .

3
Ll2

=—i80 +0+aGa,
u

G) = Py(w)

G, 1
2 —[T“JrEGuuj G[Gqu

3
u2

Q=(at+b)og+0+3G 3,

Gu)=— Py(t), t=tgu
1+t

TyT &, b — cTani BekTopu Taki, Wo a2 =b%=1, ab=0, Py(r)=ldy+H4T + T2 + M7

ro NOpsiaKy BiAHOCHO 7.

— OOBINbHUA MHOTOYNEH TPETLO-

DoBepeHHs. Y ToMy Bunaaky, konm dyHkuii A? Ta C? 3anexarb TiNbKv Big U, CMCTEMa BM3HAYanbHUX PiBHAHL (11)

Mae BUrnag,

clc2=c?c), c'a? = c?Al, A2(A?), =

A2c2 1 2ACAZ, +2A2 “L,
CeF -C2F = 2A5 =2 [F——(Cz)u]+

C?H = 3A%F + 2A3 g

c?c?

uu»

-C i2),]= 2A2[(AC), - H],

[H (AC), - AC,1+C?AZ, +2ACC2,.

(13)

(14)

(15)

(16)
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lMicns iHTerpyBaHHA piBHAHBL (13) Maemo:
C?=kC', A2 = kA" +hky A = my(AY. (17)

. - = a - ~ - = . .
IHTerpyBaHHsi ocTaHHbOrO piBHsIHHA (17) 3agae ABa pisHi Bunagkn: A=-— Ta A=atgu+b, pe a, b — Taki ctani Bek-
u

TopU, Wo &2 =h%=1, &b =0.

. . . ~ a .
PosrnsHemo nepliuii BUNagok, Anst 4pyroro BUNagky AOBEAEHHsI NPOBOAMTLCS aHanoriyHo. lMigctamBwmn A = —— B pi-
u

BHSIHHSA (13), oaepXxyemo C-= aG(u), oe G(u)— posinbHa rnagka dyHkuis. Micns nigctaHoBKM YHKLN ATtaC B PiBHSH-
HA (14) Ta (15) oTpumaemo H = —%(Guu +EGU), F=G(G, +%), ne Jg— nosinbHa ctana. MiactaemBlumn 3HangeHi H Ta
u u

Gy = - 20

F B piBHsIHHA (16), ogepXxyemo wu =~ - 3BigkM OCTATOYHO OTPUMYEMO BUMNSAA PyHKUiT G 3 nyHKTY 1 Tabnuui 2:
u

1 . y .
G=—PR(u), ne Py(u)=2g+ 47+ 2212 + /131-3 — [OBIMbHWI NONIHOM TPETLOrO CTEMNEeHs.
u

Teopemy 4 noBeaeHo.
Kpim poss'saskis cuctemm (11), HaBedeHUX B Tabnuui 2, MOXHa 3HaUTU 1 iHLWi, konu dyHkuii A? Ta C? sanexaTb He
TinbkW Big u. Tak, Hanpuknag,
H(u)=2Inu, F(u):u(lnu—ln2u+/1), A = const,
Al=1 A2-1, C'=0, C?2=-e10y.
B pesynbTati ogepxmmo Q-ymMoBHi onepaTtopu
Q =0p+0y, Q=0+, -e"0ug, (18)
OnNS PiBHAHHA
2inuug+Au=u(inu—-In?u+2). (19)

Y3aranbHeHHA pe3ynbTaTiB ANA PiBHAHb GiNbLIOT PO3MipHOCTI
OpepxyBatn Q-ymMOBHi onepaTopu 6araToBUMIpPHMX PIBHSHb (2) MOXHa 3 BXe BigoMux onepatopiB niiBcbkoi abo Q-
YMOBHOi CMMeTpIii 0QHOBUMMIpHMUX piBHSAHbL (1) Wnsxom ix y3aranbHeHHs. CnpaBefnuBICTb 3aCTOCYBaHHSI OJHOMO 3 Takux
MeToZiB y3aranbHeHHs 4OBOAWTL HAcTynHa Teopema.
Teopema 5. Ao onepatop

Q = A(xq, 0, 9)0g +B(Xg,0,9)0,, + C(Xg, 0, 9)O,, (20)
€ onepaTtopoMm niiBcbkoi abo Q-ymoBHOT iHBapiaHTHOCTI (1+1 )-BUMIpPHOrO PiBHSHHSA
S(P, 9o P, Pus) = 0, @ = P(X,0), (21)

TO onepaTopu Q= aA(xq, dx,u)dq +B(xg, ax,u)o +adC(Xg, @X,U)O,, YyTBOPIOIOTb MHOXWHY onepaTopiB Q-yMOBHOI iHBapiaH-
THOCTI (1+1)- BUMIPHOrO PiBHSAHHSA

S(u,ug,uyugy, Au) =0, 22)

[e u=u(xg,X), &= const, (@?% =1 xeR"
HdoBeaeHHA. Teopema JOBOANTLCS METOAOM AOCHIKEHHS YMOBHOI cUMeETpii, HaBegeHuM B [11]. [Ans uporo Tpeba no-
Kasath, Wo Q ;S =4S+ LQu, pe A A, —Oeski andepeHuiansHi onepartopy.
2

MopisBwM NnpogoBxeHUM onepaTopoM Q, Ha piBHAHHSA (22) | BUKOPUCTaBLUKM TOW (akT, Lo PiBHAHHSA (21) € Q-yMOBHO

iHBapiaHTHMM BifHOCHO onepaTtopa (20), To6T0 Q ;S = 41S + LQP , oAepxyemo
2

+
ala

Q,S=a0,4S+ HLQu+ [%(AB + 2By up + B uplp + B AU S, + %(Bbub +B,upup S,
2

1
+E(BO +Byug)acSy, +ac —2(By +Byup )60}(aCQau - a,Q.U).

wo i Tpeba 6yno goeecTy.
BukopucToBytoun TeopeMy 5, 3 BizoMux onepatopiB Q-yMOBHOI iHBapiaHTHOCTI (1+1)-BUMIpHOro piBHAHHSA Tennonposia-

HocTi [6, 14] Wwnsxom y3aranbHeHHs U = @(Xg,®), © = dXx, % =1 OAEpPXKylTbCA HOBI onepatopy Q-ymMOBHOI cumeTpii Ans
PiBHSHHSA (2).
KpiMm meToay 3anponoHOBaHOro B TeopeMi 5, MOXHa 3acTocyBaTu 1 iHLWI MeToau, Hanpuknag, sKWwo BUKOpUCTaTu iHBa-

piaHTHICTb pPiBHAHHSA (2) BigHOCHO anrebpu AO(3). B Tabnuui 3 HaBegeHo geski pesynbTaTy, WO OTPMMaHi TakuMu Croco-
6amu.
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B 1 C HMU K Kuiscbkoro HauioHanbHoOro yHisepcurety imeHi Tapaca LleByeHka

Ta6nuys 3. OnepaTtopn Q —yMOBHOI CUMeTPii HeniHINHOro PiBHAHHSA TENNONPOBIAHOCTI

Ne H(u) F(u) OnepaTopu
1 1 208 Qn = aa(@ %) 09+, + 28 5,
3 ax
2 1 F(u) Qy=d X4 +agF(u)d,, FF=2(F-1)
3 1 2P3(u) Q, =y Og +3ud, +3a,P3(U)d, . Ae Py(u)=u® +qu+ A
4 1 F(u) Qq=2\/x004 +agF(u)o,, FF=2
1 A u .. .
5 - M+ Qu =000 +—=0g +tag(Mu+Ap)0,, FF=2(F-1)
u u ax
)
6 343 + 22 (243 +72)P3 Qu =y Og+U D, +aaPs(U)d, . Be Py(u)=Agu® + pu® + qu + Jg
7 U - 2 Iau® —2u Qq =10’a/1260 +th(ax), T
2 3 3 chz(ax)
8 2 m2u + 2 -2max
S 2 Qy =2maze Op +Og + Magudy,
- 1
9 ﬂ,luz +2 ﬂ3u3 +2u Qg =agln cosz(ax)ao - Esm(Zozx)aa —audy,
10| 2u2+2 Jgu® Q,= %342(24})260 +axDg +agud,
1 v QU Q, :(;;(88 -20,0,
12 e" e! Q=04 +“atg%au
(ax)
13 el e Qa =0g +agth"—=0,
2 4-n A %
— P Q= Og+0,+2-mM2%ud,,n= 24
14 qu2-N + iy Jgu2-n a=4_,%“0 " ( ))_(2 u
15 il A Qq = 2kxa00 - D + 22 ud,.0en = 4
u X
k+1 - %25 , 2Xa -
16 auk Jo U Qg =2x50q - X 6a+7u8u, den=2k=0

Tyt m, A, 29, 44, A2, 43, @, n, kK — OOBINbHi cTani.

BucHoBku
PosB's3aHo 3agavy 3HaxXOOKEHHs! iHBOMIOTMBHMX MHOXMH Q-yYMOBHWX onepaTopiB iHBapiaHTHOCTI (1+2)-BUMipHOro piB-
HSIHHA TENnnonpoBigHOCTI BUrNsay (8).
3okpema, 3a yMOBW, LLO KOOpAMHATK OnepaTopiB 3anexartb TiNbKW Bifg 3MiHHOI U, NPOBEAEHO MOBHWUIA OMUC MHOXMWH
ABox onepartopis (7) Q-yMOBHOI iHBapiaHTHOCTI piBHSHHSA (2). 3a BigoMumn onepaTopamu niiBCbKOi Ta Q-yMOBHOI iHBapiaH-
THOCTi (1+1) — BUMIPHOro PiBHAHHSA TENMONPOBIAHOCTI OTpUMaHo onepatopy Q-ymMOBHOI iHBapiaHTHOCTI (1+n) — BUMipHOro
PIBHSHHA TENONPOoBIAHOCTI.
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AVHAMIMHUA PO3BUTOK TPIWMHU Y KOMMAKTHOMY 3PA3KY
3A NMPYXXHO-NMNACTUYHOIO MOAENIO NNTOCKOIro AE®OPMOBAHOI'O CTAHY

3 eukopucmaHHsIM pi3Huuyesux memodie G0ciOKyembCsl NIIOCKUU HanpyxeHull cmaH MOHKO20 KOMIaKIMHO20 3pa3ka OJisi
8U3Ha4YeHHs 8'a3Kocmi pyliHyeaHHs1 (mpiwuHo8UMPUMHOCMI) 8 HecMauyioHapHil NMPY>XXHO-NIacMuYHill MocmaHoe8yi 3 ypaxyeaH-
HSIM nNiGpocmaHHsI MPiWUHU 3@ HaBaHMaXKeHHs, sike npuknadeHe 00 JloKasnizoeaHoi o6s1acmi ma 3MiHIOEMbBCSI 3 YacoM 3a JliHil-
Hum 3akoHom. TpiwuHa niGpocmae 3a ymoeu eidcymHocmi MaKkcumMasibHUX HanpyxeHb 8 obsiacmi eicmpsi mpiwjuHu. B posii oc-
HOBHO20 He3asIeXXHO20 napamempa OJis 8usiesieHHs1 po38umKy noJiie HanpyxeHb, deghopmayili, napamempa Odkeicma, NPyXHUX
i nnacmu4Hux cknadosux eHepeii deghopmayii ma iHwux eenu4uH subpaHo po3paxyHKoee 3Ha4YeHHs1 KoeghiyieHma iHmeHCcU8Ho-
cmi HanpyxeHb 6ins mpiwuHu y cmamuyHil 3adad4i 0ns npyxHo de¢ghopmMoeaHO20 KOMMaKMHoO20 3pa3ka. BusieneHi ocobnusoc-
mi 3MiHU HanpyxeHb Mpu 0ocsicHeHHi 32zadaHuMu KoeghiyieHmamMu iHmeHcueHOCMi HanpyXeHb Me8HUX KPUMUYHUX 3Ha4Y€Hb.

On the base of developed method of solving problems of planar stress state in non-stationary plastic-elastic model the prob-
lem of crack cleavage was solved when non-stationary pressure is applied. The non-stationary pressure time dependence is lin-
ear and area of that pressure has not changed. The crack is growing when maximal stresses in the area of top of crack are ab-
sent. There were determined dependences of plastic and elastic deformation energies and areas of plastic deformations for dif-
ferent values of stress intensity.

1. Bctyn

Y npausix B.l.MaxHeHka [7, 8] 3anponoHoBaHO Ans aHanidy NpoueciB pyvHyBaHHS 3acTOCyBaTu Nopsg i3 ekcnepuMeH-
TanbHVMW TaKOX i PO3paxyHKOBI METOAM i3 BUKOPUCTaHHSIM KBa3iCTaTUYHOI NpY>XHO-NnacTu4Hoi moaeni matepiany. Li pe-
3ynbTaTh y3aranbHeHo y [1-4], e BM3HayanbHi CniBBIHOLEHHS ANS NPYXHO-NNAcTUYHOro AedopMyBaHHA NOEAHAaHO i3
AVHAMIYHUMW PIBHAHHAMMW Y MPUMYLLEHHI, WO TpiliuMHa € HepyxoMo. 3anponoHOBaHi Moaerni Aanyu MOXIMBICTb iCTOTHO
NiABALLMTK piBEHb aAeKBATHOCTI OTPUMAHNX TEOPETUYHMX MIAXOAIB, OAHAK IXHE 3aCTOCYBAHHA MOXHA BBaXXaTW KOPEKTHUM
nuuwle y pasi NOBISILHOrO MiAPOCTaHHA TPILLUHN.

Y uboMy AocnimpkeHHi MeToauka npadi [3] nowmpeHa Ha ToM BUNAAOoK, KOMM TPILLMHA AMHAMIYHO NMPOCYBAETHCS Y NPYX-
HO-NNacTUYHOMY 3pa3Ky Micns MOro AMHaMIYHOrO HaBaHTaXKEHHS.

2. MatemaTuyHe cbopmynroBaHHA 3agadi
Posrnspaetbca aedopMyBaHHS KOMMAKTHOro (6ankoBoro) 3paska y hopMi NpsMOKyTHUKa =L xB (-L/2<x<L/2;

0 <y <B) 3 NnponunoM-TPILLMHOK NOYaTKOBOI AOBXMHM | =y y3pnoex Bigpiska {x=0; 0<y <[y} i KOHTaKTye 3 ABOMA
HEpPyXoMUMM onopamu y3aoBx { L« < \x\ <L.+a; y=0} ToBwuHa w 3paska BBAXAETbCSA HACTIMbKN BENUKOI, 0O MOXHa
Byrno BMKOPMCTOBYBATY 3aIeXHOCTi NMOCKOro AepOPMOBAHOrO CTaHy (0, = const, 0,, =0, 0, =0).

3Bepxy Ha Tino nagae abCcontoTHO XXOPCTKUIA YAAPHWK, WO KOHTAKTYe y300BX Bigpidka {\x\ <A; y =B} Woro gito Ha Ti-
10 3aMiHMMO PIBHOMIPHO PO3MOAINEHMM B 00MNacCTi KOHTAKTy HOPManbHUM HanpyXeHHAM —P, L0 3MIHIOETLCA 3 YacoM SK
NiHiNHa dYHKUIS P = pgq + pgot . 3 ornsgy Ha cumeTpito npolecy AedopmyBaHHS BiAHOCHO NiHii x = 0 gani po3rnagaeTbea
nviwe npaea YacTuHa nornepeyHoro nepepisy (puc. 1a). Beaxxatumemo, Lo mMaTepian € NPYXHO-NNacTUYHUM i3 3MiLHEHHSAM,
nNpYyoMy pO3paxyHOK MofiB HaMpyxeHb, Aecbopmauin Ta iXHiIX NPMPOCTIB, 30KpeMa 1 NPUPOCTIB IHTEHCUBHOCTI NNACTUYHNX
ds,‘-’ , @ Takox napameTpa Opksicta K = jdalp 6ynemo HukYe 34iNCHI0BATU Ha OCHOBI YMCITOBOrO pO3B'si3yBaHHS Bignosia-
HOI OMHaMIYHOI MPY)XHO-NMNAcTUYHOI 3adadi. py 34iCHEHHI po3paxyHKIB BUKOPUCTAEMO BiAOMi METOAMKM LOCHiOXKEHHS
KBa3iCTaTUYHOI MPYXXHO-NNACTUYHOI [7, 8] Moaeni, WO BpaxoBYlTb HECTALOHAPHICTL HABAHTAXEHHS! | 3aCTOCOBYHTb YMC-
noBe iHTerpyBaHHs, 3peanisoBaHe B pPO3paxyHKy AuMHaMiYHOI npyxHoi mogeni [11]. MNpu po3paxyHKy AWHAMIYHMX NoMiB Ha-
npyxeHb i fecdopmalii He BpaxoByeMO B3aeMofii XBMIbOBMX NOMiB, BiAOUTTS Big Mexi Tina i MoOXnvBOi Npy LibOMY KOHTakK-
THOI B3aemogii Mix 6eperamm pospiay.

PosrnsigatoTbest piBHAHHS NNOCKOI AMHaMIYHOT Teopil, Ans SO KOMMOHEHTW BEKTOpa 3MillleHb U = (U, U),) NoB'A3aHi 3

KOMMOHeHTaMu TeH3opa gedopmauin cnieeigHOWEHHAMN Kowwi, a piBHAHHA pyxy cepefoBuLia ryCTUHOK p MaloTb BUMMS4
2 2
80,, +80Xy _Ouy 00y, OO0, ~ o°u,
=P—x + =P—a -
ox oy ot ox oy ot

KpavioBi ymoBM 3afadi, Ski BpaxoByHOTb 3MiHY AOBXWUHW TPILUMHW, OOHAK BUXOAATb i3 NPUMYLLEHHST MPO HE3MIHHICTb 00-
nacTi NpuknagaHHA peakLii, po3TallyBaHHs OMop, a TakoX BU3HAYEHHS ONMOPHUX peakuin 3a JOMOMOrold MeToAiB CTaTuKu,
3anuLwyTbCH Tak:

crack
! L L + vy
. a X J
0 i R T—b>x
a

Puc. 1. TeomeTpuyHa cxema 3agavi (a) i citka po36uTTa 6ina BicTpa TpiwmHM (6)
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