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Application boundaries of the truss analogy and disk model methods to the strength calculation of reinforced concrete flex-
ural elements inclined sections are established. Areas of structures failure by virtual compressed element (inclined strip) and
compressed zone over dangerous inclined crack under the shear force are determined. The criterion of minimum limit force,
which is perceived by the elements, is applied. Influence of concrete class, relative shear span and transverse reinforcement
intensity on elements strength based on variational method in plasticity theory is specified. The data concerning the values of
the transverse reinforcement coefficient at the boundaries of the failure from shear within the inclined strip and compressed
zone over the dangerous crack are obtained.

Keywords: truss analogy, disk model, boundary of failure cases realization, minimum value of limit force, coefficient of
transverse reinforcement

Y10CKOHATIEHA METOAMKA PO3PAXYHKY MIITHOCTI
3aJ1i300€TOHHUX €JIEMEHTIB 32 MOXWJINMH Nepepizamu
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BceranoBneni Mexi 3acToCyBaHHS MeTOAIB (pepMOBOi aHAJIOTIi Ta JUCKOBOI MOJENI I PO3paxyHKY MIIHOCTI 3a HOXMIMMHI
nepepizaMu 3a1i300€TOHHIX €JIEMEHTIB, 110 3rHHAIOTHCs. Bu3HadyeHi obnacTi peatizawii pyiiHyBaHHS 3a1i300€TOHHHX KOHC-
TPYKLiH 32 yMOBHUM CTHCHYTHM €JIEMEHTOM (TIOXHJIOI0 CMYT'OI0) Ha Ji0 MOIEPEYHOI CHJIM Ta CTHCHYTOIO 30HOIO HAJ( He-
0€3MeYHOI0 MOXMIOK TPILIMHOK Ha OCHOBI 3aCTOCYBAaHHSM KPHTEPil0 MiHIMyMy IPaHHYHOTO 3YCHIUIA, IO CHPHUIMAETHCS
eneMeHTaMu. Po3paxyHKOBI 3aJ1€XKHOCTI pUBEeH] 10 €auHoi ocHOBH. OTpUMaHi AaHi 11010 3HaYeHb KoedilieHTa momnepey-
HOTO apMyBaHHS €IEMEHTIB Ha MeXI1 pyHHYBaHHS BiJ] 3pi3y IOXMJIOI CMYTH Ta CTHCHYTOI 30HH HaJ HEOE3NeUHOIO TPIUHOIO.
YTOUHEHO BIUIMB KJlacy OETOHY, BIIHOCHOTO IPOJIBOTY 3pi3y Ta IHTEHCHBHOCTI IONEPETHOTO apMyBaHHS HAa MIIHICTE eJe-
MEHTIB, IO MiATBEPUKYETHCS EKCHEPUMEHTATBHIMH JOCTIDKEHHSIMH. [ IHTErpansHOro OLiHIOBaHHS (DaKTOpIB BIUIMBY
PO3TISIHYTO 3a/iady MIIHOCTI HOXWJIOI MPU3MH, 3aBaHTAKEHOI Ha TOPIAX CTHCHYTOIO HOPMAJBHOIO Ta JOTHYHOIO CHIIAMH.
BeToH po3risiaaeThes K KOPCTKO-IIacTuuHe Tino. Jlokamizaris miactudnol qedopmallii B TOHKHX IIapax Ha MOBEPXHi pyii-
HYBaHHI € XapaKTepHOIO [UIsl TPAaHHYHOTO CTaHy OCTOHY MpH 3pi3i. AHaJi3 OTPUMAHUX BapialliiHUH METOIOM Y Teopii Iuac-
THYHOCTI pe3yJIbTaTiB JIO3BOJIIE BHECTH OOIPYHTOBAHI 3MIHM 10 BH3HAYEHHS MIIHOCTI CTHCHYTOTO MOXWJIOTO €JIEMEHTA.
VYTouHeHa METOIUKA PO3PAaXyHKY MIIL[HOCTI 3a1i300€TOHHMX KOHCTPYKLIH 3a MOXMIMMH IepepizaMy Ha [if0 IOIepedHol CH-
T TO3BOJISIE OTPUMATH OLTBII epeKTHBHI KOHCTPYKTHBHI pimreHHs. /st iIKEeHepHUX pPO3paxyHKiB MIITHOCTI 3alpOIOHOBaHA
3aJIEXKHICT II0JI0 BU3HAYCHHS KoedilieHTa MOIEpPedyHOro apMyBaHHS AUITHOK KOHCTPYKIH OLIs omop, SIKMH BiIIOBiTae
MEXI PO3MIIIHYTHX BUIAAKIB PyHHYBaHHS 32 IOXIIMM €JIEMEHTOM Ta CTUCHYTOIO 30HOIO HaJl HEOE3NEeYHOIO MOXMIOI Tpi-
IIMHOIO. BCTaHOBIICHA NEPCIIEKTUBHICTH 3aCTOCYBAHHS TEOpil INTACTUYHOCTI JUIS BIOCKOHAJICHHS KOHCTPYKTHBHHX pillleHb
3rHHAJBHUX 3aJ1i300€TOHHNX €IEMEHTIB Ha OCHOBI MOAANIBIION0 YTOYHEHI MIIIHOCTI IOXHMJIOTO eJIeMEHTa K CKJIaJqoBOi dep-
MOBOI aHaJIOTii, CTHCHYTOI 30HU HaJ] HeOe3MEeUHOIO TPILIMHOIO i CHCTEMHOTO JOCIIHKEHHS 3pi3y.

KunrouoBi ciioBa: hepmoBa aHasnoris, IUCKOBa MOJEIb, MeXa peaisamii BUIaAKiB pyHHyBaHHS, MiHIMaJIbHE 3HAUCHHS T'pa-
HUYHHX 3yCHJIb, KOS(ILIEHT HONEPETHOTO apMyBaHHI
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Introduction

Flexural reinforced concrete structures are wide-
spread in practice and largely determine the construc-
tion cost. One way to optimize their design solutions
is to improve calculation methods. At the same time
an important place is occupied by the strength of the
structures sections near the supports, which destruc-
tion on inclined sections has externally fragile ava-
lanche character.

The theory of calculating the inclined sections
strength, as well as the general theory of calculating
reinforced concrete, has undergone several well-
known development stages: «classical» theory, which
used the basics of materials strength and considered
the second stage of stress-strain state, in which the
calculation was carried out at the main tensile stresses;
the stage of calculating the elements by the destruction
stage based on the truss analogy and the disk model;
ideas deepening period about the stress-strain state of
elements in the inclined cracks area.

The «classical» theory did not enable to consider the
specific behavior of reinforced concrete elements in
the stage of destruction. Thus, in the presence of
transverse reinforcement, the actual value of the fail-
ure load exceeded the theoretical value considerably,
and in its absence the calculation significantly under-
estimated the strength. The proposed later truss anal-
ogy considers reinforced concrete structures as trusses.
They are divided into two chords — compressed one
and tensile one with a constant arm of internal couple
of forces along the element length, connected by an
open gating of tensile braces of transverse reinforce-
ment and compressed virtual concrete braces. The cal-
culations provided full perception by reinforcement of
the tensile force and by compressed force concrete.
Based on the disk model, two schemes for the destruc-
tion of an inclined section were considered — under the
bending moment and shear force action. Each scheme
was described by one equilibrium equation of internal
efforts and external forces. The efforts were consid-
ered to be perceived by concrete over dangerous crack
and transverse reinforcement or pitch reinforcement.
The method of limit equilibrium in inclined sections
was the basis of the previous norms and remained
normative for a long time.

During the period of in-depth research, the truss
analogy method and the disk model were improved;
the influence of the determining factors was specified.
[1-12].

Review of research sources and publications

After enforcement of the normative documents
DBN B.2.6-58:2009 [13] and DSTU B B.2.6.156:
2010 [14], the truss analogy is taken as a principle for
calculation. Meanwhile, numerous experimental stud-
ies have shown the compressed inclined strip failure —
the truss analogy element, as well as a concrete shear
in a compressed zone over a dangerous inclined crack
[1, 2, 7-10]. It should be noted that the virtual com-
pressed element is crossed by transverse reinforce-
ment that increases its strength, which decreases with
decreasing inclination angle of the strip [13, 14]. Con-

cerning the elements strength by shear of the com-
pressed zone concrete, it should be noted that it is de-
fined as the sum of the forces perceived by the com-
pressed zone concrete and the transverse reinforce-
ment that crosses the inclined crack [15]. With the
relative shear span increase, the component of the
shear effort perceived by concrete decreases. For the
realization of a particular failure case, the transverse
reinforcement intensity of arears near supports is cru-
cial [7, 10].

Not solved earlier parts of the general problem
are the demarcation of the above-mentioned cases of
reinforced concrete elements destruction and the in-
fluences justified clarification of the determining
strength factors: concrete strength, relative shear span,
the transverse reinforcement intensity.

Objective of the work and research methods

It is determination of application areas of the truss
analogy and disk model methods to the reinforced
concrete elements strength calculation on inclined sec-
tions using the upper estimation of the efforts level
and the variation method in the theory of plasticity.

Basic material and results

According to the current norms [13, 14], the force
value Vg, ;, which is perceived by the reinforced con-
crete element in the inclined section, is taken as
smaller value between the values perceived by the
concrete Vg4 and the transverse reinforcement Vg,

For using qualities of concrete and reinforcement
full-scale while designing reinforced concrete flexural
structures it is advisable to apply the equation

VRd,max = VRd,s s (D

0.6 f,.4b,,z
cot@+tan@’
here f., — design value of concrete compressive
strength, b,, — the element cross-section width, z — arm
of internal couple of forces, 6 — the the virtual com-
pressed element inclination angle, A, — the cross-
section area of shear reinforcement, s — step of shear
reinforcement, f;,,; — design yield of shear reinforce-
ment.

When Vegs > Viamax the transverse reinforcement is
not effectively used and exceeding by the coefficient

A
where VRd,max = Rd,s = %nywd cotd,

. A, .
of reinforcement p,, = bﬂ the value that is equal to
W

_ VRd,max
Sywabwzcotd ’

P )
leads to reinforcement overrun.

In the case of a significant decrease in the transverse
reinforcement intensity, which is characteristic for the
structures designed in accordance with [15], or which
have corrosive damage, the elements strength esti-
mated according to [14] in the inclined sections is
found to be much lower than that established experi-
mentally [7, 10, 11]. It should be taken into considera-
tion that the destruction of the areas near the supports
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occurs by shearing concrete in the most intense area
within the compressed inclined element. The trans-
verse reinforcement crosses this element along its en-
tire length, that is, the tensile brace passes through the
compressed brace and reinforces it.

Therefore, when establishing the application areas of
the truss analogy method, the inclined compressed
element strength (Vg ,ue) must be compared with the
strength (Vzg4») determined by the disk model using
the limit equilibrium conditions over the entire inter-
val of inclination angles # proposed in [14]. Thus, by
0= 45°VRramax is almost equal to the force given in [15]
in an inclined concrete strip by the shear force action.

In the interval of 1 <cos 8<2.5 for the calculated
value of the shear force should be taken smaller from
the values Vigmar and Viggo.

Shear form of destruction is characterized for con-
crete and reinforced concrete elements by action of the
shear forces [16, 17]. It is also implemented within an
inclined strip and a compressed zone over a dangerous
inclined crack [18, 19].

For comparative analysis the disk model depend-
ences [15] are corrected to the parameters used in [14]
and take the form:

VRd,Z = Vc + sz P (3)

here V4, — shear effort perceived by the element in
an inclined section, V. and ¥, — efforts perceived by
concrete and transverse reinforcement accordingly
(fig. 1); and these components of equation (3) are
equal

V. = 2fctd bWZ :

c=TT 5 4
o’ 4)

2f, z
Vew = dswCo = dsw —ad - > ®)
pwfywd n

where f;,, — design value of axial tensile strength of
concrete, ¢=1.5zcotd — the inclined section projec-
tion length on the element longitudinal axis is as-
sumed to be equal to the distance from the support to

2f...b
the concentrated force F or ¢ = }ME
q n

form distributed load g, ¢,, = f},44,, /s — effort in

by uni-

the reinforcement per unit length of the element, coef-
ficient 7=z/d (according to [14] is equal to 0,9, here
d — the effective height of the cross-section of the
element).

In this case, the calculation provides for the fulfill-
ment of conditions: z/n <c,<2z/n andc, <c.

The transverse reinforcement coefficient, which cor-
responds to the application boundary of calculation
methods by truss analogy and disk model, is deter-
mined by the condition Vg1 =Vg4.

The values of p, by the class of reinforcement
A400C and the corresponding value of cot # are given
in the table 1.

The dependence Vg, = min (Vg4 1, Viza2) on cotd and
concrete class are given in fig. 2.

SLS|s|s|slsLs HVC -
/’/// T
’/’ ..-{\‘m'd‘{m

Vs

Figure 1 — Scheme of calculated forces on the shear
force action on an inclined crack

By the value of cot 0, which exceeds that specified
in table 1, the calculation of the shear force strength is
made by the formula (3), and otherwise — by the truss
analogy.

Table 1 — The values of the relative ultimate

V
effort Rd

, cot § and p,, at the boundaries
cd%w

of the failure cases at the inclined strip and the
compressed zone over the dangerous crack

v
Classof | _“Rd_ cot 6 Py x10°
concrete Seabwz
C8/10 0.249 1.87 2.53
C16/20 0.272 1.57 6.29
C25/30 0.275 1.53 9.73
C32/40 0.277 1.49 12.9
C40/45 0.279 1,47 16.5
C50/60 0.279 1.47 19.8
Vaa
f;dbwz
03
0.25
QP//o
0.2
Qg%b
\%
0.15
1 1.5 2 2.5 cotf

Figure 2 — The dependence of relative transverse
shear effort Vyz,/(f..b,z) on cot
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It should be noted that the compressed inclined strip Table 2 — The value of the relative ultimate effort
strength, as a truss analogy virtual element, is influ- Ve
enced by the vertical or pitch reinforcement that m
crosses the strip. It increases its strength so much the ‘
greater projection strip length on the element longitu-

by shear of the compressed zone over

the inclined crack

dinal axis is the smaller the inclination angle to the Via
horizontal @ is. The quantitative parameters of this in- <103 fob oz at cot 6
fluence are obtained from the strength problem solu- Pw : ‘ ICZ W | 5 33

tion of an inclined prism loaded by normal N and tan-

gent T forces applied at the end surfaces of the prism Concrete class C8/10

as shear force components. The concrete prism col-

; i 1 0.225 0.205 0.181 0.173
lapses from shear at the surface of plastic deformation

localization at an angle y to the lateral faces. The rein- 2 0.298 0.25 0.225 0.211
forcement effect is considered by applying the forces 3 0.333 0.284 0.26 0.245
g, in the reinforcement per unit length of the prism 4 0.381 0.332 0.308 0.293

lateral faces (ﬁg. 3), whlchilevel is dptermmed by data Concrete class C16/20

[20, 21], experimental studies materials [1, 2, 10] con-

sidering the ratio of reinforcement and concrete mod- 6 0.308 0.266 0.246 0.233
ules and the reinforcement location (the angle of its 7 0.338 0.297 0.276 0.264
prism intersection). 8 0369 | 0327 | 0307 | 0.294

7 F Concrete class C25/30

L.

FTTTTITTTYITITITITT TTTTTTITT] 8 0282 | 0243 | 0224 | 0212
s N 0.302 0.264 0.244 0.233
7 10 0.323 0.284 0.265 0.253
zld L 11 0.344 0.305 0.286 0.274
P 12 0.365 0.326 0.306 0.295

Concrete class C32/40
12 0.297 0.262 0.244 0.234
Figure 3 — The design scheme of the inclined prism 14 0.329 0.294 0.276 0.266

The plasticity theory is successfully used to solve 16 0.361 0.326 0.308 0.298

the shear strength problems [22, 23]. Determination of Concrete class C40/50
the ultimate force perceived by the prism is carried out 16 0.304 0.271 0.255 0.245
by a variational method using the virtual velocities 18 033 0.297 0.28 027

principle [24, 25]. Discontinuous solutions of the

prism strength problem are obtained. In this case, con- 20 0.356 0.322 0.305 0.296

crete is considered as a rigid-plastic body [26, 27]. As Concrete class C50/60

a plastic potential, the concrete strength condition is 16 0.27 0.237 0.22 0211
accepted [28]. The concrete prism strength decreases 18 0292 0258 0242 0232
with decreasing angle of inclination #, which is a con-

sequence of the tangent component action 7 of the 20 0.313 0.28 0.263 0.253
shear force. This decrease is offset by the transverse 22 0.334 0.301 0.284 0.274
reinforcement effect mentioned above. Thus, the shear 24 0.356 0322 0.306 0.296

force, which is perceived by a virtual compressed in-
clined element at an interval 1<cotfd <2.5, is pro-

. Table 3 — The value of the transverse
posed to be determined by the formula

reinforcement coefficient p,, at the boundaries
% —03f bz . 6 of the destruction on the inclined strip and
Rd.max Jeabu © the compressed zone over the dangerous crack

Meanwhile, the ultimate load value by shear of the o <10° at cot O
compressed zone over the dangerous inclined crack
o . 1 1,5 2 2,5
depends significantly on the transverse reinforcement
intensity and the relative shear span (table 2). 2.04 3.45 3.87 4.12
The values of the transverse reinforcement coeffi- 5.75 7.1 7.78 8.18
cient at the boundaries of failure cases are given in ta- 3 88 10.8 11.7 12.2
ble 3.
For better visualization, the strength calculation re- 122 14.4 182 21.9
sults are presented in fig. 4. 15.7 18.2 19.5 209
18.8 21.9 23.5 14.4
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Figure 4 — Dependence of relative shear effort
Vra! (foab,sz) on cot O at concrete class
C8/10 (a), C25/30 (b), C50/60 (¢c)

To select the calculation method for the reinforced
concrete element on the inclined sections for the shear
force action when solving the problem of checking the
strength (for the given concrete classes and reinforce-
ment, the rectangular cross-section dimensions, the
percentage of the transverse reinforcement p,,, the pa-
rameter z and the compressive element inclination an-
gle &) the ultimate value of the transverse reinforce-
ment coefficient is established

_(1=257) _Z'SZ)ﬁcota 0 @)

R
" 5% fowa

Sera
cd
If p,, <p,r the force Vp, is equal to the sum of the

where y = ,a=y(1+75y).

forces in the compressed zone concrete ¥, and in the
transverse reinforcement V', , which are calculated by

formulas (4 and 5) and determine the element strength
by the inclined crack in the force action Vg, .

In this case, if Vg; >V, +V,, the flexural element

failure occurs by shearing the compressed zone con-
crete and achieving stresses in the transverse rein-
forcement, which crosses the inclined crack, the yield
strength 4;= 54D ,0n.

If p,>p,r — the force Vp,;is equal to Vpy max

which is calculated by the formula (6) and determines
the  inclined element  strength  (providing
Ved >Vea max the element destruction occurs from

the shear within the inclined strip.

Further improvement of flexural reinforced concrete
elements structural decisions and structures creation of
equal strength by inclined and normal sections are
largely connected with increase of calculation accu-
racy of their strength on inclined sections based on the
systematic shear study as a destruction form and con-
sidering the influence of all the determining factors.

Conclusions

1. Analysis of reinforced concrete elements experi-
mental data and results of strength calculations on in-
clined sections necessitates the improvement of their
calculation method.

2. The boundary of elements failure cases realization
from concrete shear is established within the inclined
strip and the compressed zone over the dangerous
crack.

3. Based on the inclined prism shear problem solu-
tion by variation method in the plasticity theory, the
influence of concrete class, relative shear span and re-
inforcement intensity are specified.

4. Areas of truss analogy method application and a
disk model are determined and the method of calculat-
ing the reinforced concrete elements strength on in-
clined sections is improved.

5. For engineering calculation, the dependence of the
transverse reinforcement coefficient p, at the ele-
ments destruction boundaries along the inclined strip
and the compressed zone over the dangerous crack on
the strength characteristics f ¢4, f cta» fywa and the in-
clination angle 6 is proposed.
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